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Cell-Centered Discontinuous Galerkin discretization for two-dimensional Lagrangian hydrodynamics Fran¸cois Vilara a
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Abstract We present a cell-centered discontinuous Galerkin discretization for the twodimensional gas dynamics equations written using the Lagrangian coordinates related to the initial configuration of the flow, on general unstructured grids. A finite element discretization of the deformation gradient tensor is performed ensuring the satisfaction of the Piola compatibility condition at the discrete level. A specific treatment of the geometry is done, using finite element functions to discretize the deformation gradient tensor. The Piola compatibility condition and the Geometric Conservation law are satisfied by construction of the scheme. The DG scheme is constructed by means of a cellwise polynomial basis of Taylor type. Numerical fluxes at cell interface are designed to enforce a local entropy inequality. Keywords: DG schemes, Lagrangian hydrodynamics, initial configuration, Piola compatibility condition, deformation gradient tensor. 1. Introduction The discontinuous Galerkin (DG) methods are locally conservative, stable and high-order accurate methods which represent one of the most promising current trends in computational fluid dynamics [2, 3]. They can be viewed as a natural high-order extension of the classical finite volume methods. This extension is constructed by means of a local variational formulation in each cell, which makes use of a piecewise polynomial approximation of the unknowns. In the present work, we describe a cell-centered DG scheme for Email address: [email protected] (Fran¸cois Vilar)
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the two-dimensional system of gas dynamics equations written in the Lagrangian form, on general unstructured grids. In this particular formalism, a computational cell moves with the fluid velocity, its mass being constant, thus contact discontinuity are captured very sharply. The aim of this work consists in extending the formalism presented in [15, 12] to the two-dimensional gas dynamics equations written using the Lagrangian coordinates related to the initial configuration of the flow. In this framework, the computational grid is fixed, however one has to follow the time evolution of the Jacobian matrix associated to the Lagrange-Euler flow map namely the gradient deformation tensor. The flow map is discretized by means of continuous mapping, using a finite element basis. This provides an approximation of the deformation gradient tensor which satisfies the Piola identity. The discretization of the physical conservation laws for the momentum and the total energy relies on a discontinuous Galerkin method. The main feature of our DG method consists in using a local Taylor basis to express the approximate solution in terms of cell averages and derivatives at cell centroids [7]. The explicit Runge-Kutta method that preserves a total variation diminishing property is employed to perform the time discretization [2]. The monotonicity is enforced by limiting the coefficients in the Taylor expansion in a hierarchical manner extending the vertex based slope limiter developed in [7, 16]. Let us note that the limitation procedure is applied using the characteristic variables projected onto the flow velocity and its orthogonal direction. We also demonstrate that our scheme, in its semi-discrete form, satisfies a global entropy inequality. This method has been developed up to the second order and its robustness and accuracy will be assessed using several relevant test cases. 2. Kinematics of fluid motion 2.1. Lagrangian and Eulerian descriptions Let us introduce the d-dimensional Euclidean space Rd , where d is an integer ranging from 1 to 3. Let D be a region of Rd filled by a moving fluid. The fluid flow is described mathematically by the continuous transformation, Φ, of D into itself as Φ : X −→ x = Φ(X, t).



(1)



Here, t, which is a non-negative real number, denotes the time and X = (X, Y, Z) is the position at time t = 0 of a particle moving with the fluid which 2



occupies the position x at time t > 0. By definition Φ satisfies Φ(X, 0) = X. For a fixed X, the time evolution of (1) describes the trajectory of a fluid particle initially located at X. Let us consider ω = ω(t) a moving sub-region of D at time t. The set ω corresponds to the image of a fixed sub-region Ω in the flow map with ω = {x = Φ(X, t)|X ∈ Ω}. The boundaries of ω and Ω are respectively ∂ω and ∂Ω, and their unit outward normals are n and N , refer to Figure 1. At this point, we can introduce the two usual descriptions n
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Figure 1: Notation for the flow map.



of the flows, namely the Lagrangian description and the Eulerian description. The Lagrangian description consists in observing the fluid by following the motion of fluid particles from their initial location. On the other hand the Eulerian description consists in observing the fluid at fixed locations in the space. In the present work, we are interested by the gas dynamics equations written the Lagrangian framework d 1 ( ) − ∇x  U = 0, dt ρ dU ρ + ∇x P = 0, dt dE ρ + ∇x  (P U ) = 0, dt ρ



(2a) (2b) (2c)



where ρ is the density of the fluid, U its velocity and E its total energy. d Here, dt denotes the material time derivative. The thermodynamic closure 3



of this system is obtained through the use of an equation of state, which writes P = P (ρ, ε) where ε is the specific internal energy, ε = E − 21 U 2 . For numerical application, we use a gamma gas law, i.e., P = ρ(γ − 1)ε where γ is the polytropic index of the gas. We made the choice of working on the initial configuration of the flow to avoid some difficulties inherent to the moving mesh scheme, as dealing with curvilinear geometries, in the case of third order scheme. To do so, we have to express the differential operators in (2a), (2b) and (2c) in terms of Lagrangian coordinates and consequently firstly characterize more precisely the motion of the fluid. 2.2. Differential operators discretization The Jacobian matrix is used to characterize the fluid flow. This matrix also named the deformation gradient tensor is defined in terms of the Lagrangian variables as F = ∇X Φ = ∇X x.



(3)



To ensure that the relation between the two configurations holds, we make the fundamental assumption that this matrix is invertible and its determinant, J, satisfies J = det F > 0 since F(X, 0) = Id where Id denotes the identity tensor. In some extreme cases of strong shocks or vortexes, the cells may tangle or present some crossed points. In these cases, J could be negative. To correct this phenomenon, an ALE approach could be needed, but in this case not by working on the shape of the deformed cells but directly on the deformation gradient tensor properties. Let dV and dX denote a Lagrangian volume element and an infinitesimal displacement, and dv and dx their corresponding quantities in the Eulerian space through the transformation of the flow. These volumes and displacements can be related through the following formulas dv = JdV, dx = FdX. These formulas show that the Jacobian is a measure of the volume change and the deformation gradient tensor quantifies the change of shape of infinitesimal vectors through the fluid motion.



4



The Nanson formula gives the relation between initial and updated infinitesimal surfaces, respectively dS and ds nds = JF−t N dS.



(4)



This is one of the main ingredient to pass from one configuration to another, and thanks to this relation we can obtain 1 (5) ∇x  U = ∇X  (JF−1 U ), J 1 ∇X  (P JF−t ). (6) J At this time, it is possible to develop our system equations expressed with respect to the Lagrangian coordinates, written using the initial configuration of the flow d (ρJ) = 0, (7a) dt d 1 ρ0 ( ) − ∇X  (JF−1 U ) = 0, (7b) dt ρ dU + ∇X  (P JF−t ) = 0, (7c) ρ0 dt dE ρ0 + ∇X  (P JF−1 U ) = 0. (7d) dt Working with the initial positions of fluid particles, the analysis is done on a fixed domain, the initial one. However, all the informations concerning the displacement and the deformation of the domain are contained in the terms JF−1 , JF−t and so in F the deformation gradient tensor. With the use of the d trajectory equation dt Φ(X, t) = ddtx = U (X, t), the definition (3) yields ∇x P =



dF = ∇X U . (8) dt The deformation gradient tensor contains all the information related to the flow map in the gas dynamics system. It helps us to pass from the initial configuration of the flow to the actual one. An essential identity is the well known Piola condition, that we can recover by developing the right-hand side of (5)  1 ∇x  U = U  ∇X  (JF−t ) + tr(F−1 ∇X U ). J 5



where tr is the trace operator. If U is an arbitrary constant vector, the previous identity yields ∇X  (JF−t ) = 0.



(9)



This Piola identity is well-known in continuum mechanics. It ensures the compatibility between the two configurations based on Eulerian and Lagrangian coordinates. This identity rewrites Z Z −t ∇X  (JF )dV = JF−t N dS Ω Z∂Ω = nds thanks to (4) ∂ω



= 0, meaning that the integral of the unit outward normal over a closed surface is equal to zero. This Piola compatibility condition is also essential because is equivalent to the Galilean invariance of the equations (7b), (7c) and (7d). The continuity on the edges of the vector JF−t N , which corresponds to to the normal in the actual configuration of the flow, is needed. Consequently, a discretization of the tensor F by means of a mapping using finite element basis has been chosen. 3. Discretization of the deformation First, we subdivide each polygonal cell into triangles, as in Figure 2. Now, getting back to the mapping formulation, we develop Φ on the finite element basis functions λp X Φch (X, t) = λp (X) Φp (t), p



where the p points are some control points including vertices in a generic triangle Tc and Φp (t) = Φ(X p , t) the position at time t of the control point initially located at X p . Using this continuous polynomial mapping approximation and the definition (3) of F, we regain a new expression for this tensor in the triangle Tc X Fc (X, t) = Φp (t) ⊗ ∇X λp (X). (10) p
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Figure 2: Triangular partitioning of a cell Ω.



Let the tensor G be the cofactor matrix of F, i.e., G = JF−t . The use of (10) to express Gc yields  X  X ΦYp ∂Y λp − ΦYp ∂X λp   Y  p  X ΦYp ∂Y λp −Φ ∂ λ p X p p = X X Gc =  .  −  −ΦX ∂Y λp ΦX ∂X λp ΦX ΦX p p p ∂Y λp p ∂X λp p p



p



(11) The compatibility between the initial and current configurations is ensured by the Piola identity. Taking the divergence of equation (11), one gets X  ΦY (∂Y X λp − ∂XY λp )  p ∇X  Gc = = 0. ΦX p (∂XY λp − ∂Y X λp ) p



This equation shows that the Piola compatibility condition is satisfied by construction. This result can be generalized to three dimension with a similar procedure. Finally, as in equation (8), the use of the trajectory equation d Φ = U p leads to a semi-discrete equation of the deformation gradient dt p tensor X d Fc (X, t) = U p (t) ⊗ ∇X λp (X), (12) dt p where U p is the velocity of the control point p. Regarding (8), we make the assumption that the spatial approximation order of the deformation gradient tensor could be one less than the velocity and 7



so than the polynomial approximation coming from the DG discretization. Consequently, for a second order scheme, F would be piecewise constant over the triangles. For the numerical application, we use the P1 barycentric coordinate basis functions which write 1 λp (X) = [X(Yp+ − Yp− ) − Y (Xp+ − Xp− ) + Xp+ Yp− − Xp− Yp+ ], (13) 2|Tc | where p, p+ and p− are the counterclockwise ordered triangle nodes, see Figure 3, and |Tc | the triangle volume.
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Figure 3: Generic triangle.



In this configuration, the semi-discrete equation (12) rewrites d 1 X Fc (X, t) = U p ⊗ Lpc N pc , dt |Tc | p



(14)



where Lpc N pc is the corner normal at node p, as shown Figure 3, since   1 Yp+ − Yp− ∇X λp (X) = , 2|Tc | Xp− − Xp+ 1 = (Lp− p N p− p + Lpp+ N pp+ ), 2|Tc | Lpc N pc = . (15) |Tc | Now, let us discretize the thermodynamical and kinematical equations with a discontinuous Galerkin approach. 8



4. Two-dimensional second order scheme 4.1. Discontinuous Galerkin system discretization In the previous part, we discretized the deformation gradient tensor using finite element basis functions. Now, for the thermodynamical unknowns and the velocity, we present a 2D extension of the one-dimensional discontinuous Galerkin scheme presented in [15]. The method is also strongly inspired by the one developed in [9, 12, 11] and could be seen as the continuation of R. Loub`ere work in [8]. We develop our cell-centered DG method in the case of the two-dimensional gas dynamics system in the Lagrangian formalism based on the initial configuration of the flow. The DG discretization can be viewed as an extension of the finite volume method wherein a piecewise polynomial approximation of the unknown is used. Let us introduce Ω our initial domain filled by a fluid, subdivided into polygonal cells Ωc . We want to develop on each cells our unknowns onto P α (Ωc ), the set of polynomials of degree up to α. This space approximation leads to a (α + 1)th space order accurate scheme. Let φch be the restriction of φh , the polynomial approximation of the function φ, over the cell Ωc φch (X, t)



=



K X



φck (t) σkc (X),



(16)



k=0



where the φck are the K + 1 successive components of φh over the polynomial basis, and σkc the polynomial basis functions. Recalling that the dimension , we have to determine the set of the polynomial space P α (Ωc ) is (α+1)(α+2) 2 (α+1)(α+2) of the = K + 1 basis functions. We make the choice of the Taylor 2 basis, which comes from a Taylor expansion on the cell, located at the center of mass X c of the cell Ωc defined as following Z 1 ρ0 (X) X dΩ, (17) Xc = m c Ωc where mc is the constant mass of the cell Ωc . We set the first basis element to 1, i.e., σ0c = 1. Going further in space discretization, the q + 1 basis functions of degree q, with 0 < q ≤ α, write  q−j  j 1 X − Xc Y − Yc c σ q(q+1) +j = , (18) j!(q − j)! ∆Xc ∆Yc 2 9



min min where j = 0 . . . q, ∆Xc = Xmax −X and ∆Yc = Ymax −Y are the scaling 2 2 factors with Xmax , Ymax , Xmin , Ymin the maximum and minimum coordinates in the cell Ωc . The starting index q(q+1) in (18) corresponds to the number 2 of polynomial basis functions of degree strictly inferior to q. Let us introduce hφic , the mean value of φ over the cell Ωc averaged by the initial density Z 1 hφic = ρ0 (X) φ(X) dΩ. (19) m c Ωc



In our polynomial discretization, we want the mass averaged value to be preserved. Consequently, we identify the first component of φch to hφic , i.e., φc0 = hφic . This definition leads to a particular constraint on the successive basis functions writing Z 1 c ρ0 φch dΩ, φ0 = m c Ωc Z K 1 X φk ρ0 σkc dΩ, = mc k=0 Ωc Z K X 1 c ρ0 σkc dΩ, = φ0 + φk m c Ωc k=1 =



φc0



+



K X



φk hσkc ic .



(20)



k=1



In order to respect equation (20), we impose hσkc ic = 0, ∀k 6= 0. Consequently, we set a new definition of the q + 1 basis functions of degree q, with 0 
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