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Hillert’s mean-field elastic prediction of the diffusivity of carbon in ferrite is regularly used to explain the experimental observation of slow diffusion of carbon in supersaturated ferrite. With increasing carbon supersaturation, the appropriateness of assuming that many-body carbon interactions can be ignored needs to be re-examined. In this work, we have sought to evaluate the limits of such mean-field predictions for activation barrier prediction by comparing such models with molecular dynamics simulations. The results of this analysis show that even at extremely high levels of supersaturation (up to 8 at% C), mean-field elasticity models can be used with confidence when the effects of carbon concentration on the energy of carbon at octahedral and tetrahedral sites are considered. The reasons for this finding and its consequences are discussed. Keywords: carbon diffusion, iron, ferrite, steel, molecular dynamics, ordering, elasticity (Some figures may appear in colour only in the online journal)



1. Introduction



In 1959, as an appendix to a paper on the kinetics of the early stages of tempering of ferrous martensite, Hillert [1] proposed a simple expression for the relationship between carbon content of ferrite and the activation energy for carbon diffusion. Hillert assumed that the tetragonal strain caused by the presence of a finite concentration of carbon in solid solution would interact elastically with migrating carbon atoms to increase the activation barrier for 0965-0393/14/065003+17$33.00
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carbon diffusion, while leaving the pre-exponential term in the diffusivity unchanged. This expression was derived on the basis of the previous seminal work of Zener [2, 3], who estimated the energy of interaction between carbon atoms on the basis of mean-field elasticity theory. This Hillert–Zener model for the carbon concentration dependence of the diffusivity of carbon in supersaturated ferrite has been widely used (see, e.g. [4–8]) as a way of justifying the relatively slow3 kinetics of decomposition of supersaturated ferrite or martensite. Indeed, there is no good way of experimentally validating the proposed diffusion dependence on supersaturation, as the supersaturated state is unstable and prone to decomposition during diffusion measurements. Due to this it is difficult to experimentally assess the simplifying assumptions made in the Hillert–Zener model. In particular, replacing direct carbon–carbon many-body interactions with a mean-field approximation is questionable for very high levels of carbon supersaturation (e.g. xC > 1 at% C), such as might be found in highly supersaturated ferrite formed by the decomposition of martensite (see, e.g. [9–12]), deformation induced carbide dissolution (see, e.g. [13]) or high energy vapour deposition (see, e.g. [8, 14]). Experiments have shown that in such materials, carbon atoms tend to arrange with particular spacings at low temperature (see, e.g. [9, 15, 16]), providing evidence for many-body carbon interactions. In this work we have returned to the original question posed by Hillert: how does the elastic interaction between carbon atoms affect the diffusivity of carbon in a supersaturated solid solution? To exaggerate this effect, we have studied extremely highly supersaturated ferrite containing 8 at% C and 11 at% C. These forms have been previously characterized [17, 18] and shown to exhibit carbon ordering onto one type of octahedral site (and therefore tetragonality) at temperatures where carbon mobility is sufficient to allow molecular dynamics (MD) to be used for the measurement of carbon diffusion. MD simulations have been performed using a recently developed iron–carbon potential shown to reproduce the activation energy for carbon diffusion in the dilute limit [19]. These MD simulations were then compared, self-consistently, with different mean-field approximations for carbon–carbon interactions including the method originally proposed by Hillert [1], assuming, following Hillert, that the pre-exponential term in the diffusivity remains independent of the carbon content. 2. The methodology



The Raulot–Becquart iron–carbon EAM potential has served as the basis for the calculations made here [19]. While the iron portion of this potential was taken from the work of Mendelev et al [20], the iron–carbon interactions were developed by matching of DFT results with a particular emphasis on reproducing the interaction between carbon atoms and between carbon atoms and point defects. Hence, the potential has been shown to predict the octahedral site of the ferrite (bcc iron) lattice as the equilibrium position for carbon atoms and the tetrahedral site as the saddle point for diffusion of carbon atoms between two octahedral sites. The difference in energy between an octahedral and a tetrahedral site at zero kelvins and under zero applied stress is 0.815 eV/atom, which matches well with the experimentally measured activation energy for carbon diffusion (see figure 1). The potential also predicts the experimentally observed trend for tetragonality of ferrite as a function of carbon at octahedral sites (when all carbon is located at one of the three kinds of octahedral sites as discussed below) with the a lattice parameter varying as a0 (1 − 0.088xC ) and the c lattice parameter varying as a0 (1 + 0.56xC ), where a0 = 0.2855 nm is the equilibrium 0 K lattice parameter of iron for the potential and xC is the atomic fraction of carbon [21]. This prediction underestimates the tetragonality of iron as a function of carbon content. For



The iron–carbon potential.
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Relative to the kinetics of carbon diffusion in ferrite at low homologous temperatures. 2
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Figure 1. Diffusivity of a single carbon atom in a box containing 2000 iron atoms as obtained from MD simulations using the Raulot–Becquart potential [19] (red symbols) plotted alongside experimental data for carbon diffusion in ferrite [28–32]. The inset highlights the deviation of the simulated diffusivity away from the Arrhenius behaviour at higher temperatures. The reason for this deviation is explained in the appendix.



example, the potential predicts c/a = 1.006 for 1 at% C which is lower than both recent DFT calculations (c/a = 1.011 [22]) and experiments (c/a = 1.008 [23], 1.01 [24], 1.009 [25]) at the same carbon content. As a classical embedded atom potential, the Raulot–Becquart potential does not account for the magnetic contributions to the energy of the system. This results in ferrite being the stable phase from 0 K to the melting point. As will be noted later, disregard for the magnetic contribution to the energy of the system means that variations in physical properties of the system, such as the diffusivity of carbon, do not match experimental results at temperatures approaching the Curie temperature [26]. As the aim here is to describe the behaviour at low temperatures, this is not considered a significant limitation in comparing Hillert’s mean-field model to the fully atomistic simulations performed here. To measure the diffusion of carbon, a periodic simulation box was defined containing 10 × 10 × 10 ferrite unit cells, containing 2000 iron atoms. In the dilute limit, a single carbon atom was placed within a randomly selected octahedral site at the start of the simulation. Higher carbon concentrations were achieved by placing 174 and 250 carbon atoms at randomly selected positions corresponding to xC = 8 and 11.11 at% C, respectively. The simulation box was first equilibrated using a Metropolis Monte Carlo scheme where carbon atoms were moved from one octahedral site to another and the change in energy calculated ‘onthe-fly’ using molecular statics. In this scheme, molecular statics simulations were performed after moving a carbon atom so as to allow for elastic relaxation of the system; this relaxation was performed while also targeting zero pressure on the simulation box. At least a million exchanges were performed in each case, sufficient to allow the energy and volume of the
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system to approach a constant value. As the goal of this study was to use MD to study carbon diffusion in ordered (i.e. tetragonal) systems, conditions had to be selected that allowed for such an ordered system to be stable at temperatures high enough for diffusion to be observed over MD timescales. It was found that sufficient statistics could be generated for MD simulations performed above 800 K. At this temperature, systems containing less than 8 at% C were found to be partially disordered and so were not included in this work. For the temperatures and carbon concentrations that were used in this diffusion analysis, the carbon was found to be well ordered on a single octahedral variant (with greater than 90% occupation) and that all systems were tetragonal. MD simulations. MD simulations were performed using LAMMPS [27]. The system of interest was brought to the desired temperature (between 850 and 1700 K) by randomly assigning velocities from a Gaussian distribution to the atoms. The system was then held for 10 ns (each MD time step is 1 fs) with a Nos´e–Hoover thermostat and barostat maintaining the temperature and zero pressure. This hold was designed to equilibrate the system to its defined pressure and temperature before diffusion measurements were made. To reduce any possible effect of the temperature and pressure control on the diffusion, the thermostat and barostat ‘strength’ parameters4 have been set to very large values (10 µs). An NV E ensemble was selected so as to have as little temperature and pressure variation during the long holds at various temperatures for diffusion measurements. The simulation was continued under these conditions and the movement of each carbon atom tracked over the following 50 ns.



MD simulations were used to provide the successive positions of all carbon atoms every δt = 0.01 ns, thus providing nmax = 50/0.01 = 5000 carbon atom positions. We define r⃗i (tn ) as the position of the ith carbon atom at time tn = n δt and nC as the total number of carbon atoms. The diffusivity of carbon at a given temperature was then calculated by measuring the mean square displacement (MSD) of carbon throughout the diffusion hold, using a sliding window of increasing size (0.01 to 50 ns): #2 % %nmax −n " !" r⃗i ((n + j ) δt) − r⃗i (j δt) #2 $ i j =1 r⃗i (tn ) − r⃗i (0) = . (1) t,i nC (nmax − n) The diffusivity of carbon can then be directly determined from !" #2 $ r⃗i (tn ) − r⃗i (0) t,i D= (2) 6tn by performing linear regression of a plot of MSD versus time. Diffusion measurement.



3. Simulation of carbon diffusion by means of MD



Figure 1 shows the MD measured diffusivity for a single carbon atom (within a box containing 2000 iron atoms) plotted alongside a compilation of experimental data. As previously shown [19], the potential reproduces the experimental data well in this dilute limit. At temperatures above ∼1000 ◦ C, however, the experimental and simulated diffusivities diverge, with the experimental data showing a decreasing diffusivity (increase in apparent activation energy) and 4



The ‘strength’ of a barostat (or thermostat) is set through a parameter (in time units) which determines the period over which the pressure or temperature is relaxed. A strong barostat (or thermostat) is characterized by a short period of this parameter. 4
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Figure 2. Diffusivity of carbon measured in simulation boxes containing 1 carbon atom (0.05 at.% C, the same data as shown in figure 1.), 174 carbon atoms (8 at% C) and 250 carbon atoms (11 at% C). The solid red line corresponds to the activation barrier for the migration of a single carbon atom in the dilute limit as determined from a nudged elastic band calculation. The blue and green lines correspond to the predictions from equations (15) (dashed lines) and (19) (solid lines). In all cases, the pre-exponential has been taken to be carbon composition independent and equal to D0 = 1.1 × 10−6 m2 s−1 .



the simulation data showing an increasing diffusivity (decrease in apparent activation energy). In the experimental data, this deviation from linearity is explained by the approach to the Curie temperature [26]. In the MD simulations, no such magnetic transition exists. Instead, the deviation from linearity can be explained as being due to anharmonicity, as explained in the appendix. At low temperatures, this non-linearity is not significant and "E is well approximated as 0.815 eV. Figure 2 shows diffusion measurements made for systems containing 8 at% C and 11 at% C where carbon atoms are ordered onto one type of octahedral site (i.e. the simulation boxes are tetragonal). Also plotted are the diffusion measurements made for a single carbon atom (see figure 2). One can see that over the temperature range studied, all of the data exhibit Arrhenius behaviour but with a clearly carbon concentration dependent diffusivity. 4. Estimation of the carbon concentration dependence of the carbon diffusivity on the basis of mean-field elasticity calculations 4.1. Zener’s mean-field estimate for the elastic interaction between carbon atoms



The starting point for Hillert’s estimate of the concentration dependence of the diffusivity of carbon [1] was Zener’s evaluation of the energy of interaction between a carbon atom and an externally applied strain [3]. Zener based his calculation on elasticity theory and experimental measurements of the carbon concentration dependence of the tetragonality of ferrite. A carbon atom induces an elastic strain field in the surrounding ferrite. To a first-order approximation [33, 34], this elastic strain field can be described using a dipole moment tensor, Pij , which is the first non-zero term in an expansion of the Green’s function description of 5
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the elastic strain field caused by a series of point forces. Within this description, the presence of a single carbon atom occupying an octahedral site in a crystal of ferrite having a volume V induces a macroscopic shape change (in the absence of any external constraint, i.e. for σij = 0) of



1 Sij kl Pklo , (3) V where Sij kl is the macroscopic elastic compliance tensor of the crystal and Pijo is the dipole moment tensor associated with the presence of a carbon atom at an octahedral site. Considering that the octahedral site in ferrite has a tetragonal symmetry, there are three variants of octahedral position, referred to as x, y and z with the tetragonal axis defining the variant type. The force moment tensor Pijo is then diagonal with two independent terms referred to as P•o and P⊗o . For example, a carbon atom situated at a y-type octahedral site has an elastic dipole moment tensor of ⎡ o ⎤ 0 0 P• Pyo = ⎣ 0 P⊗o 0 ⎦ . (4) 0 0 P•o ϵij1C =



Each carbon atom expands the lattice in the direction of nearest neighbour iron atoms and causes a contraction in the other two directions. If all carbon atoms are situated at the same type of octahedral site (i.e. the carbon is ordered), the global strain will be similarly tetragonal. The global strain can then be described via an expansion, ϵc [21]: ϵc =



c − a0 2 −2C12 P•o + (C11 + C12 ) P⊗o = 3 xC ; a0 a0 (C11 − C12 ) (C11 + 2C12 )



(5)



C11 P•o − C12 P⊗o a − a0 2 = 3 xC , a0 a0 (C11 − C12 ) (C11 + 2C12 )



(6)



and a contraction, ϵa : ϵa =



where a0 is the equilibrium lattice parameter of pure ferrite, xC is the atomic fraction of carbon and C11 = C1111 and C12 = C1122 are components of the elastic stiffness tensor. A direct outcome of this discussion is that the interaction between a carbon atom and other sources of elastic strain can be estimated from the dipole moment. The energy of interaction between a carbon atom and a far-field strain can be calculated as [21, 33, 34] Einter = −Pijo ϵij .



(7)



While it is possible to use this expression to calculate individual carbon–carbon interactions by considering the full solution to the Green’s function at the site of each carbon atom, this is computationally expensive. If, instead, it can be assumed that the spatially dependent carbon–carbon interactions can be replaced by a mean-field elastic strain that describes the net, macroscopic strain induced by a fraction xC of ordered carbon atoms (e.g. equations (5) and (6)), then equation (7) can be used to calculate the elastic interaction energy per carbon atom. Assume that a carbon atom having an elastic dipole moment Pij is located within an ordered distribution of other carbon atoms that cause a mean-field elastic strain ϵij . As both the mean-field strain and the elastic dipole moment are tetragonal, there are two possible values of the interaction energy. One is calculated when the tetragonal direction of the dipole moment of the single carbon atom is aligned with the tetragonal direction of the mean-field c,o a,o elastic strain (Einter ). The other (Einter ) is calculated when the tetragonal directions are not 6
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aligned. Equations (5), (6) and (7) allow these interaction energies to be calculated for a given set of stiffnesses, elastic dipole moments and carbon contents. The elastic energy of the system is minimized for any given carbon content when all carbon atoms are situated on a single type of octahedral position, such that the local strain caused by each carbon atom is aligned with the global tetragonal strain. The above approach was used originally by Zener [2, 3] to calculate the energy of interaction between carbon atoms. Zener obtained values for P•o and P⊗o using equations (5) and (6) with experimentally measured elastic coefficients and variation of the lattice parameters as a function of the carbon content for ferrite. 4.2. Carbon diffusion in the presence of a finite carbon concentration: the Hillert–Zener model



Hillert [1] started from Zener’s mean-field estimate of Einter , assuming that the carbon atoms all occupy the same type of octahedral site, and proposed that the activation energy for diffusion could be estimated as the activation barrier for hopping from a ‘favoured’ octahedral site (i.e. one having the same tetragonal orientation as the mean-field strain) to a ‘disfavoured’ octahedral site. The existence of a finite concentration of carbon in this case was assumed to affect the diffusion of a single carbon atom due to the change in the energy landscape seen by the diffusing carbon atom due to the collective macroscopic strain induced by all other carbon atoms. This estimate is based on the assumption that only the barrier from ‘favoured’ to ‘disfavoured’ sites will affect the average activation energy of carbon diffusion. This assumption is considered valid as: (1) on the basis of observation of the structure and the tetragonality, there is a very low occupation fraction of disfavoured sites [18]; (2) the only possible jump from a favoured site is to a disfavoured site; and (3) this barrier is the highest in the system. Having no access to information about the saddle point energy (energy at the tetrahedral site) and its interaction with the far-field elastic strain, Hillert assumed that the change in activation energy for carbon diffusion could be estimated as half of the difference in energy c,o a,o between a favoured (Einter ) and a disfavoured (Einter ) octahedral site: 1 * a,o c,o + "E = "E0 + "Einter = "E0 + . (8) Einter − Einter 2 Here "E0 refers to the activation barrier for carbon diffusion in the dilute limit. Returning to the above expressions, this can be rewritten as 1 , a,o "E = "E0 − (9) Pij ϵij − Pijc,o ϵij 2 + 1* o = "E0 − (10) P⊗ − P•o (ϵa − ϵc ) 2 * o + 2 2 P − P•o = "E0 + 3 ⊗ xC . (11) a0 C11 − C12 Thus, Hillert proposed that the concentration dependence of carbon diffusion in ferrite should obey . / . / "E0 "Einter D = D0 exp − exp − (12) kB T kB T assuming no effect on the pre-exponential term. On the basis of experimental measurements of the tetragonality of ferrite at different carbon atomic fractions (xC ) and Zener’s estimate for the strain interaction between carbon atoms, Hillert estimated the change in activation energy to be "Einter = 3.11xC eV.



(13) 7
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Table 1. Components of the dipole moment tensors for carbon at octahedral and tetrahedral sites and the components of the stiffness tensor for iron from the interatomic potential used in this work. All quantities have been calculated by using molecular statics (i.e. at 0 K) and the elastic constants are those for pure iron.



P•o



P⊗o



P•t



P⊗t



C11



C12



C44



3.40 eV



8.03 eV



6.96 eV



5.88 eV



243 GPa



145 GPa



116 GPa



4.3. Comparison of the mean-field elastic interaction model for carbon diffusion with MD simulations



While Hillert and Zener had to estimate the energy of interaction between carbon atoms on the basis of the experimentally measured tetragonality of ferrite as a function of the carbon concentration, atomistic simulations permit the dipole moment tensors to be calculated directly [21]. Equation (3) can be rearranged to read σij = −



1 o P , V ij



(14)



where σij is the far-field stress acting on a simulation box of volume V . Thus, Pij can be obtained by generating simulation boxes having different numbers of iron atoms at their equilibrium (0 K) lattice parameter, then inserting a carbon atom into an octahedral site and performing an energy minimization at fixed volume [21]. From these calculations the dipole moment tensor can be obtained as the slope of a plot of the stress on the box (σij ) against the inverse of the box volume, V −1 . The values of the components of the dipole moment tensors for carbon residing at octahedral sites computed in this way, at 0 K, using molecular statics are given in table 1. With this information it is possible to compare Hillert’s model directly with the MD simulation results. In this case, the elastic interaction between a carbon atom and all other carbon atoms is estimated using equation (7) and the values of Pijo and Cij kl given in table 1. Substituting these values back into equation (11) gives "E = "E0 + 1.50xC eV.



(15)



The underestimate of the effect of carbon on the barrier height compared to Hillert’s estimate (see equation (13)) can be attributed to the fact that the tetragonality predicted by the EAM potential is less than that found experimentally, as noted earlier. 4.4. Mean-field prediction using the strain dependence of energies at both octahedral and tetrahedral sites



A carbon atom situated at a tetrahedral site (the saddle point position for carbon diffusion) will also lead to tetragonal distortion that can be described by another dipole moment tensor, Pijt . Tetrahedral sites lie halfway along the straight line connecting two octahedral sites. As for the octahedral elastic dipole moment, the Pijt tensor has two independent values: P⊗t in the direction of the nearest neighbour octahedral sites and P•t in the other two mutually perpendicular directions. Tetrahedral sites can be referred to by their axis of tetragonality as x-type, y-type or z-type sites. For example, a z-type tetrahedral site (lying between an x-type 8
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Table 2. Values of the energies for carbon positioned in octahedral and tetrahedral positions when aligned and not aligned with the global tetragonal strain calculated using the elastic dipole moments from the interatomic potential. a,o Einter



c,o Einter



a,t Einter



c,t Einter



−0.90 xC eV



−3.90 xC eV



−2.07 xC eV



−2.77 xC eV



octahedral site and a y-type one) has an elastic dipole of ⎡ t ⎤ P• 0 0 P t,z = ⎣ 0 P•t 0 ⎦ . 0 0 P⊗t



(16)



The tetrahedral dipole moment tensor was obtained in the same manner as described above for the octahedral dipole moment tensor and the two of these were used to calculate the difference in energy between a carbon atom residing in octahedral and tetrahedral positions. The four resulting interaction energies between carbon in ‘c’-type and ‘a’-type octahedral and tetrahedral sites and the far-field strain were calculated from equations (5), (6) and (7). The activation energy of any barrier for this system can be calculated as a summation of the dilute limit barrier ("E0 = 0.815 eV/atom) and the difference in interaction energy of carbon in the tetrahedral and octahedral positions for a given jump direction. The interaction energies of each type of octahedral and tetrahedral position are shown in table 2. For a carbon atom residing at a favoured ‘c’-type octahedral site any possible jump will take the atom through an ‘a’-type tetrahedral site to a disfavoured ‘a’-type octahedral site. The barrier for this jump "E o,c→a is therefore given by "E o,c→a = E a,t − E c,o * a,t c,o + = "E0 + Einter − Einter = "E0 + 1.13xC eV.



(18)



a,t a,o "E o,a→c = "E0 + Einter − Einter = "E0 − 1.87xC eV.



(20) (21)



c,t a,o "E o,a→a = "E0 + Einter − Einter



(22) (23)



(17) (19)



As mentioned previously, there are two other possible activation barriers that a carbon atom can encounter. Carbon can jump from a disfavoured to a favoured site with the energy barrier being



Alternatively, the carbon atom may jump between the two (energetically equivalent) kinds of disfavoured sites with the energy barrier being = "E0 − 1.17xC eV.



4.5. NEB calculations of the minimum energy path between two octahedral positions



In the preceding calculations, it has been assumed that: (i) the imposed macroscopic strain due to a finite concentration of carbon atoms does not affect the values of the components of the dipole moment; (ii) the tetrahedral site remains the saddle point between two octahedral sites. To check these assumptions, climbing image nudged elastic band (NEB) [35, 36] calculations were performed to find the minimum energy path between two octahedral sites in systems 9
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Figure 3. NEB calculated minimum energy path between two octahedral sites as a function of the superimposed macroscopic strain and the macroscopic strain corresponding to that expected for the indicated atomic fraction of carbon. The energy is plotted with reference to that of the carbon residing at the octahedral site whose tetragonal axis was aligned with the tetragonal axis of the far-field strain. The open circles show the barrier corresponding to diffusion out of a preferred site when carbon orders to form Fe16 C2 .



having an imposed tetragonal strain, corresponding to different values of xC . First, a box of pure iron was relaxed by molecular statics. The box was next strained according to equations (5) and (6) where the values xC = 0, 0.05, 0.08 and 0.11 were used. The positions of two adjacent octahedral sites were found after straining by positioning a carbon atom at the position expected on the basis of the macroscopic strain on the box, and the system relaxed to allow the carbon to find its minimum energy position. In each case, the octahedral sites were found to be located at the location based on the macroscopic strain. The starting octahedral site was taken to be one whose tetragonal axis was aligned with the tetragonal axis of the far-field strain. Figure 3 shows the resulting minimum energy paths calculated for these different levels of macroscopic strain. One can see that, while the saddle point position is exactly halfway between the octahedral positions for zero applied strain, it shifts towards the more disfavoured octahedral site with increasing imposed tetragonal strain. 5. Comparison between MD and mean-field calculations of carbon diffusion



Table 3 gives the various activation barriers for carbon diffusion as a function of the carbon atomic fraction predicted by the mean-field models described above. As a starting point, one can compare the various mean-field predictions with one another. This is done in figure 4, where the predicted differences in energy between octahedral and tetrahedral sites based on NEB calculations are shown as a function of the atomic fraction of carbon. The dashed line shows the prediction obtained using Hillert’s method when the values of Pijocta and ϵa and ϵc deduced from the EAM potential are used. In this case, the assumption that the variation of the barrier with the carbon content is given by half the difference in energy between favoured and disfavoured octahedral sites is seen to overestimate the increase in activation barrier as 10
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Table 3. Activation energies for carbon diffusion based on mean-field predictions assuming that individual carbon atoms can be replaced by their macroscopic elastic strain field. Column 1 corresponds to equation (11), column 2 to equation (19), column 3 to equation (21) and column 4 to equation (23). The activation energy of the favoured to disfavoured site jump will dominate the diffusion of carbon. The activation energies of columns 1 and 2 are plotted in figure 2 for 8 and 11 at% C.



xC



Hillert–Zener



Saddle point Favoured → disfavoured



5 at% C 8 at% C 11 at% C



0.890 eV 0.935 eV 0.980 eV



0.872 eV 0.905 eV 0.939 eV



Saddle point Disfavoured → favoured



Saddle point Disfavoured → disfavoured



0.720 eV 0.663 eV 0.606 eV



0.757 eV 0.721 eV 0.686 eV



Figure 4. NEB calculated energy barriers for jumps between favoured and disfavoured



octahedral sites compared to predictions from elasticity theory.



compared to the NEB calculations for the same values of imposed macroscopic strain. Not surprisingly, the use of both Pijo and Pijt to calculate the energy difference between the octahedral and tetrahedral sites is seen to match very closely to the NEB calculations. Indeed, for jumps between favoured octahedral sites and disfavoured octahedral sites this approach matches very closely the barrier measured from NEB calculations. This approach also allows for the calculation of the barrier associated with jumping from a disfavoured site back to a favoured site. In this case, the method matches reasonably well with the NEB calculations, though the calculation based on Pijo and on ϵa and ϵc underestimates the change in barrier compared to the NEB calculations. On the basis of the results of figure 4, the activation barriers predicted by mean-field elasticity theory considering the effect of strain on both the tetrahedral and octahedral site energies have been used to compare with the MD simulations shown in figure 2. Here, the activation barrier calculated on the basis of equation (19) has been used to plot the solid lines, with D0 being fixed as proposed originally by Hillert. The dashed blue and green lines show the predicted diffusivities based on Hillert’s original proposal, i.e. using half the difference 11
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Figure 5. A comparison between the expected probability of jumps based on the Poisson distribution and what is observed during a molecular dynamics simulation performed on a box containing 11 at% C held at 1100 K. The inset schematic shows how carbon atoms can move between disfavoured sites along a linear path.



in energy between octahedral sites (equation (15)) for the barrier. Using the same D0 , one can see that the diffusivity is under-predicted for 8 at.% C and over-predicted for 11 at% C. In contrast, the solid lines in figure 2 show the diffusivity predicted if the activation energy is calculated on the basis of the difference in energy between octahedral and tetrahedral sites using equation (19). In this case, the 8 at% C data are well fitted by the model (green solid line), while the diffusivity of the 11 at% C data is significantly over-predicted. At very high carbon supersaturations, the strained ferrite lattice leads to a situation where not all octahedral and tetrahedral sites are energetically equivalent to each other. Indeed, this is seen very clearly by following the motion of carbon atoms statistically during MD simulations. Here, we focus on the case of diffusion of the material containing 11 at% C held at 1100 K. In this case, the number of carbon hops between octahedral sites was counted in a time interval within which it is expected that (on average) a single jump will occur. If atomic jumps were spatially and energetically equivalent, the distribution of numbers of jumps in the time increment should follow the Poisson distribution (figure 5). The high probability of having no jumps in this time interval is a consequence of the fact that the favoured octahedral sites represent strong traps for carbon atoms. The same result is obtained for the simulations with 8 at% C. The fact that multiple jumps (two or more) are observed with a higher than expected probability, on the other hand, can be explained by the low barrier for jumps from one disfavoured site to another disfavoured site. This jump has only a slightly higher barrier than the jump from a disfavoured site back to a favoured site (see equations (21) and (23)). A carbon atom, once it has jumped out of a favoured octahedral site, can travel a long distance by hopping from one disfavoured site to another disfavoured site. 12
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If this phenomenon was important, however, it would lead to faster diffusivity rather than the slower diffusivity required to reconcile the mean-field model and MD results for 11 at% C. The failure of the mean-field elastic model to predict the diffusivity in the case of the 11 at% C sample can be traced to the fact that the carbon atoms begin to interact with one another leading to a differentiation between the ‘favoured’ octahedral sites. Previously it has been shown [17] that at 0 K the most stable arrangement of carbon atoms at 11 at% C is in a fully ordered Fe16 C2 structure. While to this point we have emphasized that the elastic interaction between a carbon atom and the mean-field elastic strain predicts the occupation of only a third of all of the possible octahedral sites by carbon atoms, in the case of fully ordered Fe16 C2 , the carbon atoms are driven to further order onto only an eighth of these remaining sites by the combination of the mean elastic strain and the elastic interaction between the neighbouring carbon atoms [17]. While at the relatively high temperatures studied here, the 11 at% C system is not fully ordered, it can readily be shown to be not fully disordered. In order to show this, the long range order parameter η = 2f − 1 [37] was calculated, where f is the probability of an Fe16 C2 -type site being occupied by a carbon atom. The parameter f is calculated as r f = r+w/7 where r is the number of carbon atoms at Fe16 C2 -type sites and w is the number of carbon atoms at favoured but non-Fe16 C2 -type sites. The values of r and w are calculated using each carbon atom in turn as the origin for a hypothetical Fe16 C2 unit cell. Relative to that carbon atom, all other carbon atoms are identified as occupying an Fe16 C2 -type site or not. The values of r and w determined for each carbon atom are then averaged over all carbon atoms. The factor of 7 comes from the fact that there are seven times as many non-Fe16 C2 -type sites as Fe16 C2 -type sites. In the disordered state, f = 0.5. The results were obtained from ten separate ‘snapshots’ of the structures obtained at 900 K. For the system containing 11 at% C it was found that the order parameter was η = 0.25. In contrast, for the 8 at% C case, the order parameter was found to be η = 0.05. This additional ordering in the case of the 11 at% C system, driven now by the local neighbouring carbon–carbon elastic interactions rather than the macroscopic elastic strain, complicates the energy landscape for carbon atoms residing at the ‘favoured’ octahedral sites. In contrast to mean-field elasticity predictions, not all octahedral sites having the same tetragonal direction have the same energy. Figure 3 shows the NEB calculated minimum energy path for carbon to move from a preferred octahedral site in the Fe16 C2 structure to a disfavoured site. This further ordering of carbon is seen to increase the maximum barrier for carbon migration, as compared to the mean-field predicted barrier (0.939 eV), to 1.15 eV. Thus, while at the temperatures studied here the carbon does not fully order to form Fe16 C2 , the partial ordering that does occur leads to sites that trap carbon even more strongly than predicted by mean-field elasticity calculations, resulting in a higher apparent activation energy compared to that predicted by equation (19). An estimate for the ‘apparent’ activation energy in this situation can be made by considering the effective residence time (τ ) for a carbon atom at an Fe16 C2 -type site and that for one at a non-Fe16 C2 -type site. If we assume that non-Fe16 C2 sites have an activation barrier of 0.939 eV and that the Fe16 C2 sites have an activation barrier 0 via of 1.15 eV, then one can obtain an apparent barrier ("E) 1 . / . /2 0 = kT ln η exp 1.15 + (1 − η) exp 0.939 "E eV. (24) kT kT



0 ! 1.05 eV. For temperatures between 900 and 1500 K this expression gives 1.03 ! "E 0 Using an average value of "E = 1.04 eV is seen to lead to only slight under-prediction of the MD simulations, as shown in figure 6. Finally, as noted in the introduction, the potential used here underestimates the tetragonality relative to both DFT calculations and experimental measurements. In the case 13
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Figure 6. The MD simulation data already presented in figure 2, showing the good fit



for the 11 at% C data when a value of 1.04 eV—based on equation (24)—is used. The diffusivity for a single carbon atom and 8 at% C is shown for comparison. In all cases, the same value of D0 = 1.1 × 10−6 m2 /s has been used.



of DFT calculations, values of P•o = 8.9 eV and P⊗o = 7.5 eV have been reported [22]. These predict a tetragonality larger than that reported experimentally. While the values of Pijt have not been calculated (to our knowledge) via DFT, it is possible to use the values of Pijo given above to estimate the concentration dependence of carbon diffusion using the Hillert approximation. Referring to equation (11) and using the values of Pijo from the DFT calculations gives "E = "E0 + 4.84xC ,



(25)



i.e. a much larger concentration dependence of the carbon diffusion compared to that predicted from the EAM potential used here. Figure 7 compares the diffusivity calculated at 400 K on the basis of equations (11) and (19) (EAM predicted mean-field estimates) and (25) (DFT meanfield values based on the Hillert–Zener approximation). One can see that at this temperature the lower bound estimate from the EAM potential gives an order of magnitude difference in predicted diffusivity at xC = 5 at% C as compared to that predicted when the concentration dependence is ignored. The estimate based on the DFT calculated P o , on the other hand, predicts a difference of three orders of magnitude at this same temperature and composition. Clearly, having an accurate knowledge of the dipole moments for carbon residing at octahedral and tetrahedral sites is vital for proper quantitative prediction of the carbon diffusivity. 6. Conclusion



It has been shown that a mean-field elastic description of the interaction between carbon atoms does a good job of predicting diffusivity in ferrite as compared with fully atomistic simulations. This holds for highly concentrated solid solutions (up to 8 at%), though for the special case of 11 at% C neighbour–neighbour carbon interactions can no longer be neglected. While the simplest of the mean-field models, the Hillert–Zener model, works reasonably well, it overpredicts the effect of carbon on the activation barrier. By calculating the energy difference between carbon atoms situated at octahedral and tetrahedral sites as a function of far-field strain 14
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Figure 7. The mean-field predicted diffusivity of carbon as a function of the atomic



fraction of carbon in the ferrite at 400 K. The black line shows the diffusivity in the dilute limit using "E = "E0 = 0.815 eV. The blue line shows the diffusivity obtained using the results from the EAM potential and the difference in energy between octahedral and tetrahedral sites (equation (19)). The red and green lines show mean-field predictions based on the Hillert–Zener model using parameters from the EAM potential (red line, equation (11)) and DFT calculations (green line, equation (25)). The Pijo values for the DFT calculations were taken from Clouet et al [22].



arising from the presence of the carbon, a much improved estimate was obtained. Using this approach, it was possible to estimate the three different kinds of activation barriers expected and, therefore, to explain the observed distribution of jumps between sites in MD simulations. While the potential used here proved adequate for testing different model assumptions, it does predict too low a tetragonality. Using data obtained from DFT calculations, which predict a tetragonality closer to that reported experimentally, a larger effect of carbon concentration on diffusivity is suggested to occur in highly supersaturated ferrite. Acknowledgments
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Due to thermal expansion, a cubic lattice undergoes a strain given by ϵi̸=j = 0 and ϵi=j = ϵtherm . From the dipole moment tensor (Pij ; table 1), the difference in energy between the octahedral and tetrahedral sites due to thermal expansion can be calculated as + * "E = "E0 − 2P•t + P⊗t − 2P•o − P⊗o ϵtherm (A.1) where "P



iso



"E = "E0 − "P iso ϵtherm ,



(A.2)



= 4.97 eV/atom with the potential used here. 15
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In the particular case of the simulation box containing a single carbon atom, the value of ϵtherm was obtained at different temperatures and found to be well described by ϵtherm = e1 T + e2 T 2 , −6



(A.3)



−1



−9



−2



where e1 = 4.39 × 10 K and e2 = 5.14 × 10 K . From equations (A.2) and (A.3), one can obtain the activation barrier as a function of ϵtherm and therefore temperature. The diffusivity can then be written as [38] −"E d ln D = (A.4) d(1/T ) R * + −"E0 + "P iso e1 T + e2 T 2 d ln D = . (A.5) d(1/T ) R Integrating this relationship with respect to inverse temperature, and considering the temperature dependent activation barrier developed above, gives / 3 . −"E0 + "P iso e1 (1/T )−1 + "P iso e2 (1/T )−2 d(1/T ) (A.6) ln D = R −"E0 (1/T ) "P iso e1 ln(1/T ) "P iso e2 ln D = − + . (A.7) R R R(1/T ) This equation produces a smoothly varying diffusivity, with an activation energy of "E0 = 0.815 eV/atom at T = 0 K, and a close fit to the MD data in the dilute limit over the entire range studied, as shown by the solid line in the inset to figure 1. References [1] [2] [3] [4] [5] [6] [7] [8] [9] [10]
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