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General context electron density (log scale) : t=0.1 0 2.4



Multiscale model : Mε depends on a parameter ε
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In the (space-time) domain ε can
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be small compared to the reference scale be of same order as the reference scale
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take intermediate values −5
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When ε is small : M0 = lim Mε asympt. model ε→0



Difficulties :
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Classical explicit schemes for Mε : stable and consistent if the mesh resolves all the scales of ε ⇒ huge cost Schemes for M0 with meshes independent of ε



But : ➠ M0 not valid everywhere, needs ε ≪ 1 ➠ location of the interface, moving interface



Principle of AP schemes A possible solution : AP schemes Use the multi-scale model Mε where you want. Discretize it with a scheme preserving the limit ε → 0 ➠ The mesh is independent of ε : Asymptotic stability.



➠ You recover an approximate solution of M0 when ε → 0 : Asymptotic consistency Asymptotically stable and consistent scheme ⇒ Asymptotic preserving scheme (AP) ([S.Jin] kinetic → hydro) You can use the AP scheme only to reconnect Mε and M0 Mε class. scheme



ε = O ( 1)
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M0 class. scheme ε≪1



Mε AP scheme
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The multi-scale model and its asymptotic limit ➠ Isentropic Euler system in scaled variables x ∈ Ω ⊂ IRd , t ≥ 0



(M ε )



(



∂t ρ + ∇ · (ρ u ) = 0,



(1)ε 1



∂t (ρ u ) + ∇ · (ρ u ⊗ u ) + ∇p (ρ) = 0, (2)ε ε Parameter : ε = M 2 = m |u |2 /(γ p (ρ)/ρ), M =Mach number Boundary and initial conditions : u · n = 0, on ∂Ω,



(



and



˜ 0(x ), ρ(x , 0) = ρ0 + ε ρ ˜0 (x ), with ∇ · u0 = 0. u (x , 0) = u0 (x ) + ε u



The formal low Mach number limit ε → 0



(2)ε ⇒ ∇p (ρ) = 0, ⇒ ρ(x , t ) = ρ(t ). ′



Z



(1)ε ⇒ |Ω| ρ (t )+ρ(t )



u · n = 0, ⇒ ρ(t ) = ρ(0) = ρ0, ⇒ ∇· u = 0



∂Ω



The multi-scale model and its asymptotic limit The asymptotic model : Rigorous limit [Klainerman, Majda, 81]



where



   ρ = cste = ρ0 , (M 0 ) ρ 0 ∇ · u = 0,   ρ ∂ u + ρ ∇ · (u ⊗ u ) + ∇π = 0, 0 t 0 1   1 π1 = lim p (ρ) − p (ρ0) . ε→0 ε



(1)0 (2)0



Explicit eq. for π1 ∂t (1)0 − ∇ · (2)0 ⇒ −∆π1 = ρ0 ∇2 : (u ⊗ u ). The pressure wave eq. from Mε :



∂t (1)ε − ∇ · (2)ε



⇒



1



∂tt ρ − ∆p (ρ) = ∇2 : (ρ u ⊗ u ) ε



From a numerical point of view



√



(3)ε



Explicit treatment of (3)ε ⇒ conditional stability ∆t ≤ ε ∆x Implicit treatment of (3)ε ⇒ uniform stability with respect to ε



An order 1 AP scheme in the low Mach numb. limit Order 1 AP scheme in [Dimarco, Loubère, Vignal, SISC 2017] : If ρn and u n are known at time t n



 n +1 ρ − ρn   + ∇ · (ρ u )n+1 = 0,  ∆t n +1  1 − (ρ u )n   (ρ u ) + ∇ · (ρ u ⊗ u )n + ∇p (ρn+1 ) = 0. ∆t ε ∇ · (2) inserted into (1) : gives an uncoupled formulation



(1)



(AS)



(2)



(AC)



∆t ρn +1 − ρn + ∇ · (ρ u )n − ∆p (ρn+1 ) − ∆t ∇2 : (ρ u ⊗ u )n = 0, ∆t ε



➠ Results uniformly L∞ stable if the space discretization is well chosen ➠ Framework of IMEX (IMplicit-EXplicit) schemes :



     ρu ρ 0 ∂t +∇ · +∇ · p(ρ) = 0. ρu ρu ⊗u Id ε | {z } | {z } | {z } 
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AP but diffusive results,1-D test-case ε = 0.99, 300 cells
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Class. scheme AP scheme
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Time steps



Class : 273 loops CPU time 0.07 AP : 510 loops CPU time 1.46
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ε = 10−4 , 300 cells
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Class. scheme AP scheme
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Time steps



Class : 4036 loops CPU time 0.82 AP : 57 loops CPU time 0.14
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AP but diffusive results,1-D test-case ε = 10−4
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Underlying of the viscosity



Time steps



Class. scheme AP scheme
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⇓ It is necessary to use high order schemes But they must respect the AP properties
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Principle of IMEX schemes Biblio for stiff source terms or ode pb. : Asher, Boscarino, Cafflish, Dimarco, Filbet, Gottlieb, Le Floch, Pareschi, Russo, Ruuth, Shu, Spiteri, Tadmor... IMEX division : ∂t W + ∇ · Fe (W ) + ∇ · Fi (W ) = 0.



General principle : Step n : W n is known Quadrature formula with intermediate values Z t n+1 Z t n+1 ∇ · Fi (W (t )) dt ∇ · Fe (W (t )) dt − W (t n + 1 ) = W (t n ) − W n +1 = W n



|t



n



s



{z



} |t



n



s



{z



−∆t ∑ b˜j ∇ · Fe (W n,j ) −∆t ∑ bj ∇ · Fi (W n,j ) j =1



j =1



}



˜j = ∑sj=1 bj = 1 Quadratures exact on the constants : ∑sj=1 b Intermediate values t n,j = t n + cj ∆t Z Z t n,j n n ,j n ∂t W (t ) dt = W + ∆t W ≈ W (t ) + tn



0



cj



∂t W (t n + s ∆t ) ds



Principle of IMEX schemes Quadrature formula for intermediate values : i = 1, · · · , s W n,j = W n − ∆t



∑ a˜j ,k ∇ · Fe (W n,k ) − ∆t ∑ aj ,k ∇ · Fi (W n,k ),



k 0) ci n+1,O1 n+1,O1 n+1,O1 wj = wjn − √ (wj − wj −1 ) − ce (wjn − wjn−1 )



ε



√



Order 2 AP scheme ARS with the parameter β = 1 − 1/ 2 Lemma (VMD,Loubère,Vignal) Under the CFL condition ∆t ≤ ∆x /ce



β ≃ 0.41 θ≤ 1−β



⇒







TV (w n+1 ) ≤ TV (w n ) kw n + 1 k∞ ≤ kw n k∞



A MOOD procedure Limited AP scheme : w n+1,lim = θ w n+1,O2 + (1 − θ) w n+1,O1



with



θ=



Problem : More accurate than order 1 but not order 2



β 1−β



Solution : MOOD procedure (Clain, Diot, Loubère, 11) On the toy equation w n+1,HO MOOD AP scheme, CFL ∆t ≤ ∆x /ce Compute the order 2 approximation w n+1,O2 Detect if the max. principle is satisfied : kw n+1,O2 k∞ ≤ kw n k∞ ? If not, compute the limited AP approximation w n+1,lim 1.5
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Error curves for the model problem Order 2 in space with MUSCL but explicit slopes for implicit fluxes Error curves on a smooth solution for the toy model ε = 10−2 ε=1 0
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Second-order scheme for the Euler equations Recall the first-order IMEX scheme for the Euler system :



 n +1 ρ − ρn   + ∇ · (ρ u )n+1 = 0,  ∆t n +1  − (ρ u )n 1   (ρ u ) + ∇ · (ρ u ⊗ u )n + ∇p (ρn+1 ) = 0. ∆t ε



(1) (2)



We apply the same convex combination procedure :



W n+1,lim = θ W n+1,O2 + (1 − θ) W n+1,O1 , with θ = β/(1 − β). we use the value of θ given by the study of the model problem But we need we need a criterion to detect oscillations in the MOOD procedure !



Euler equations : MOOD procedure The previous detector (L∞ criterion on the solution) is irrelevant for the Euler equations, since ρ and u do not satisfy a maximum principle. we need another detection criterion We pick the Riemann invariants Φ± = u ∓



2



γ−1



s



1 ∂p (ρ)



ε ∂ρ



, since they



satisfy an advection equation for smooth solutions. On the Euler equations W n+1,HO MOOD AP scheme, CFL ∆t ≤ ∆x /λ Compute the order 2 approximation W n+1,O2



Detect if both Riemann invariants break the maximum principle at the same time If so, compute the limited AP approximation W n+1,lim



Euler equations : Numerical results Riemann problem : left rarefaction wave, right shock ; top curves : ε = 1 ; bottom curves : ε = 10−4 Density ρ Momentum q = ρu 1. 8 1. 6 1. 4 1. 2 1
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MOOD-AP scheme



Euler equations : Numerical results ε=1



ε = 10−2
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Euler equations : Numerical results Initial data for the explosion : density cylinder (left) ; outwards velocity field (right). 1 2
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Euler equations : Numerical results reference solution



first-order scheme 1. 6 1. 4
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Works in progress and perspectives Choose the order 2 time discretization to get a θ as close as possible to 1 for the stability Study a local value of θ, depending on the presence of oscillations in a given cell Extension to full Euler (order 1 scheme exists but we have trouble decomposing between an explicit and an implicit flux) Simulations of physically relevant phenomena Domain decomposition with respect to ε



M0 class. scheme
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Mε class. scheme



ε = O ( 1)
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ε≪1



Mε AP scheme



Thanks !
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