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Abstract A sustainability issue for the rain forest in the corridor of Fianarantsoa (Madagascar) is to preserve the forest while ensuring the development of the local population. The aim of this paper is to determine whether the current situation is sustainable or not according to different action policy possibilities. We propose a general procedure based on viability analysis: Translation of sustainability issues into constraints on the system state; elaboration of a mathematical model of system evolution rules in the form of controlled dynamical system; computations of the viability kernels according to different action policy possibilities. Among control variables, we focus on monetary transfer. Without monetary transfer, we show that the current situation of the rain forest corridor is not sustainable in our mathematical modeling framework. We then estimate the minimal maximal amount per year necessary to make the current situation sustainable. Keywords: Controlled dynamical systems, Viability theory, Deforestation,



Preprint submitted to Mathematical Biosciences



August 2, 2013



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65



Sustainable development 1. Introduction The report World Conservation Strategy: Living Resource Conservation for Sustainable Development [1] reminds that to be sustainable, a development must take into account much as social and environmental aspects as the economic aspect, and much as the long run as the short term. In the case of theoretical approaches, in the economic, social and environmental fields, many works propose criteria to distinguish sustainable from non-sustainable paths: Based on the asymptotic analysis of a dynamical system (in the phase space, for example, the size of attraction basin [2, 3], and properties of the bifurcation diagram [see for instance 4, 5, 6]) or based on multi-criteria optimization (especially in economics, discounted utility or Heal criterion [7]). However such definitions rise both diachronic and synchronic issues. Neither the present nor the future states must be neglected when dealing with sustainability, consequently neither asymptotic properties (which focus on the far future), nor the classical discounted utility (which favors present states [8]) are sufficient to characterize sustainability. Then, other criteria, such as maximin [9, 10], which maximizes the minimal utility over time, have been proposed in that concern. Moreover, building a weighted multi-criteria global function (such as utility) implies organizing into a hierarchy and then aggregating all the aspects of a sustainability problem, compensation phenomena can then appear and some pillars of sustainable development be neglected. However, approaches that emphasize the use of constraints as guardrails are also proposed (the 2
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Safe Minimum Standard approach introduced by Ciriacy-Wantrup [11], the concept of Tolerable Windows for climate change studies [12]). Mathematical viability theory [13] develops methods and tools to study the compatibility between dynamics and constraints. This framework has been used by B´en´e et al. [14] to analyze renewable resources management, by Bruckner et al. [15] to describe the Tolerable Windows approach, by Martin [16] to propose a definition of resilience (which is an important component to understand sustainability [17]), by Aubin et al. [18] to evaluate transition cost in order to maintain the concentration of greenhouse gases bounded. Martinet and Doyen [19] first propose to address sustainability with viability concepts. Actually, the definition of a constraint set bringing all together desirable sustainable situations avoids to organize into a hierarchy and to aggregate all the aspects of a problem and allows addressing sustainability issue as the possibility of finding a path that is an acceptable compromise for all parties [20]. Moreover, an intergenerational equity feature is naturally integrated within this framework [19]. Since then, several works have developed this point [21, 22, 23]. Viability theory is relevant to have a dynamical view and to study consequences of different choices of management by the definition of a controlled dynamical system. The set of admissible controls allows the modeling of different action possibilities a manager can have. So, from all initial states, there are several possible evolutions governed by different control functions. If it exists an evolution which always stays into the constraint set, this evolution is called viable in the viability theory framework. If this constraint set describes the intersection of all economic, social and environmental constraints
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we will consider the initial state as sustainable according to the admissible controls (as in Martinet and Doyen [19]). The set of all the initial states for which it exists at least one viable evolution is called the viability kernel. The first step in viability analysis is to compute this viability kernel by analytic calculus [24] or an approximation by an algorithm. In the following, we will use Saint-Pierre [25]’s algorithm results. The principle of his viability algorithm is to approximate the viability kernel by the union of a finite number of balls which centers belong to a regular grid. When the step of this regular grid tends toward 0, the union of the balls tends toward the viability kernel. The centers of these balls are obtained by solving a well chosen viability problem derived from the initial one which is discrete in time and space: Each point of the grid has a finite number of successors and the constraint set is a finite set of grid points. Hence the ball centers can be computed in a finite number of steps of the following algorithm: At the initialization the point list contains all the points of the constraint set, at each iteration the points that have no successor in the current list are removed, no point removal during an iteration is the stopping criterion. The second step is to distinguish particular viable evolutions among the set of viable ones. For instance, heavy evolutions introduced in Aubin [13] are viable evolutions which minimize at each time t the norm of the velocities of the controls. Such evolutions have particular properties: Controls remain constant as long as the evolution remains in the interior of the viability kernel and may only change when the evolution reaches the boundary of the viability kernel. Moreover, once the evolution has reached the boundary of the viability kernel, it will remain on this boundary until it possibly reaches
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the boundary of the constraint set (this is the semi-permeability property of the viability kernel stated in Quincampoix [26]’s theorem). In this paper, we focus on an application case: Sustainable management of the rain forest of Madagascar. The rain forest corridor in the region of Fianarantsoa is located in the east of Madagascar, it connects the national park of Ranomafana in the north to the Andringitra one in the south. The forest altitude is included between 800 meters and 1300 meters, and this altitude contributes to the high number of endemic species which characterizes this area. The forest is also important for the ecological regulation of the region [27]. The east area of the corridor is inhabited by the Tanala. They live on itinerant rice-growing with the technique of slash and burn. In the west, we meet the Betsileo people. They practice an irrigated rice-growing in the shoals, and pluvial culture on the slopes. The Tanala and the Betsileo are connected. The seasons of rice-growing are different on each side of the corridor, so the Tanala work in Betsileo’s area during the period of yield and vice-versa [28]. The population of the corridor is extremely poor and fast-growing. Therefore, they need new areas for the rice production and they clear the forest and convert it in paddy fields by creation of irrigation systems [29]. There is a trade-off between the conservation of forest area and the subsistence of the local population, that we consider as a sustainability issue with two components. The ecological constraint is to maintain a sufficient area of forest and the economic one is to ensure the economic development of the local population. We first follow the classical steps of viability analysis: We elaborate a
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mathematical model which describes the Malagasy situation and translate the sustainability issues into constraint sets in the state space (section 2). We then detail the viability theory framework of our study in section 3. In section 4, we analyze the sustainability of the current situation according to different set of admissible controls. We focus on the influence of monetary transfers on the volume of the viability kernel: We determine the minimal maximal monetary transfer necessary to make the current situation viable, and then we study the minimal amount of monetary transfer necessary over time. In section 5, we discuss how these results are relevant for the mathematical modeling of sustainable management issue and draw perspectives. 2. Forest corridor of Fianarantsoa: Modeling of the sustainability issue 2.1. Variables We elaborate a dynamical model which describes the main features of the economic and environmental behaviors of the Malagasy inhabitants from the region of the Ranomafana-Andringitra corridor. We recall that we are interested in the trade off between biodiversity conservation and population survival. In this basic model, biodiversity conservation is represented by the forest surface variable F , so one variable of the model is the built area S linked with F by S = F0 − F where F0 is the forest area of the corridor in 1900. The population is described by the number of individuals P and the global capital K. As we aim at determining management rules, we are interested in the effects of control variables on the evolution of the three state variables S, P and K. Monetary transfers (τ ), proportion of outside6
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workers (ρ), and decision to build new areas (δ) are interesting controls. Moreover, as we can not forecast the future population growth, we also study the model in function of different demography rates (r). Thus, our model is a 3-dimensional model with 4 control variables (τ , δ, ρ, r). 2.2. Dynamics of the model Surface. The area under study is the Ranomafana-Andringitra corridor. A part of this area is forest area F . The other part is considered like a built area S, it means that the area was cleared and irrigated. This area S grows up depending on the new area which are developed. We call δ(t) this effort of development per available worker at time t which is one control variable of the model. This effort which is positive is bounded by δmax . An other control variable is the proportion of outside workers ρ(t) ∈ [0; 1]. So the workers available to build new area is 1 − ρ(t). Thus, the surface’s evolution is described by: S ′ (t) = δ(t)(1 − ρ(t))P (t) δ(t)



∈ [0; δmax ]



ρ(t)



∈ [0; 1].



The variation of the forest area can be deduced from the one of the built area. Population. The second state variable which characterizes the system is the number of individuals living in the corridor, P . We may consider scenarios for the evolution with time of the growth rate of the population, or use functional forms as the classical logistic growth. However, the formalism of differential inclusion used in the viability theory framework allows to make
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weaker hypothesis, only assuming that the growth rate is bounded over time: Let rmin , the lower bound and rmax the upper bound, the growth rate at time t, r(t), can take any value between rmin and rmax . We do not even assume any probability distribution for r(t) ∈ [rmin ; rmax ]: P ′ (t) = r(t)P (t) r(t)



∈ [rmin ; rmax ].



So, we a priori consider all measurable functions, r(t), that remain inside these bounds and we can then obtain more general results which do not depend for instance on a specific growth rate scenario. Capital. Lastly, the common capital of the whole population, K, increases depending on incomes from the agriculture, wages of outside-workers and monetary transfers. And it decreases according to the consumption and the effort of developing new areas. Concerning the benefit from agriculture, we have to consider the surface which is actually cultivated. It could be S(t) if the workforce is enough. In the other case, the cultivated area depends on the available population. The parameter γ denotes the maximal surface of built area one person can cultivate. Since (1 − ρ(t))P (t) are the available workers, the surface actually cultivated is min(S(t), γ(1 − ρ(t))P (t)). So, with p the rice price and e the productivity per hectare, the benefit from agriculture is pe min(S(t), γ(1 − ρ(t))P (t)). Agriculture inside the corridor is not the only source of income. Actually, some people work outside the corridor especially for rice harvesting [28]. The number of outside workers equals ρ(t)P (t). We call ω their average wage, 8
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so income from outside workers equals ωρ(t)P (t). From a sustainability perspective, the higher the outsider workers’ income is, the lower the pressure on the corridor forest is. τ (t) is the control variable which represents monetary transfers, i.e aid or subvention from government or NGO. τ (t) ∈ [0; τmax ] where the value of τmax depends on the assumption made on the maximal monetary transfers other countries agree to spend to preserve biodiversity in Fianarantsoa corridor. If the parameter c is the consumption per person and parameter β is the cost to develop one surface unit, then the capital decreases by −cP (t) − βδ(t)(1 − ρ(t))P (t). Thus, the evolution of the capital is described by the following equation : K ′ (t) = −cP (t) − βδ(t)(1 − ρ(t))P (t) +pe min(S(t), γ(1 − ρ(t))P (t)) +ωρ(t)P (t) + τ (t) δ(t)



∈ [0; δmax ]



ρ(t)



∈ [0; 1]



τ (t)



∈ [0; τmax ].



The model is a three dimensional model which describes the variation of three state variables : S(t), P (t) and K(t). Moreover, we have four bounded control variables: δ(t), r(t), ρ(t) and τ (t).
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We can summarize the dynamics of the model:    S ′ (t) = δ(t)(1 − ρ(t))P (t)       P ′ (t) = r(t)P (t)   K ′ (t) = −cP (t) − βδ(t)(1 − ρ(t))P (t)      +pe min(S(t), γ(1 − ρ(t))P (t))      +ωρ(t)P (t) + τ (t)               



0



≤ δ(t) ≤ δmax



0



≤ ρ(t) ≤ 1



0



≤ τ (t) ≤ τmax



(1)



rmin ≤ r(t) ≤ rmax .



2.3. Constraints As said in the introduction, implementing sustainable development implies generally several types of stakes. In our study, we face ecological and economic issues. One of the objectives is to protect the biodiversity in the rain forest of the corridor. This ecological constraint can be expressed by preserving a minimal fixed area of forest Fmin , which leads to the following constraint on the state variable, S(t): 0 ≤ S(t) ≤ F0 − Fmin .



(2)



The other objective is an economic one : to ensure the development of the local population. We have chosen to express this constraint by two ways. The first one is to force the future capital per capita to be higher than a
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given threshold, kmin : kmin ≤



K(t) . P (t)



(3)



Moreover, the capital per capita must increase to ensure the intergenerational equity: 0≤







K(t) P (t)



′



.



(4)



As far as population is concerned, it must be higher than a minimal threshold to ensure a human presence and it must be lower to a maximal threshold corresponding to the capacity of the corridor. Thus, we have the following constraint : Pmin ≤ P (t) ≤ Pmax .



(5)



Finally, the sustainability issue is represented by the following constraints: S(t)



≤ F0 − Fmin



kmin ≤ 0



≤



K(t) P (t) ′ K(t) P (t)



(6)



Pmin ≤ P (t) ≤ Pmax . 2.4. Parameter values We have estimated the following values from three different data sources: United States Agency for International Development (USAID), Institut National de la Statistique de Madagascar (INSTAT) and Muttenzer [30]. We have used data from USAID for the estimation of the forest surface over year. We have used data from the most recent population census (in 1993) by INSTAT (since 1993 no population census has been done, there are only projections) for estimating the population and the growth rate. Rice productivity, rice price, consumption are taken from INSTAT (2003). The survival 11
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of the population is an absolute prerequisite for a sustainable path. We then choose for the parameter c which is the consumption per person a value high enough to ensure the survival of the population estimated using data on the most favored agricultural population in Madagascar. Others values come from field observations. Definition



Notation



Unit



Value



Consumption



c



US$/capita/year



200



Cost of building new area



β



US$/ha



25



Rice price



p



US$/kg



0.30



Rice productivity



e



kg/ha/year



1000



Cultivated built area per capita



γ



ha/capita



0.46



Agricultural wage



ω



US$/capita/year



200



Maximal effort of development



δmax



ha/capita/year



0.008



Maximal monetary transfer



τmax



US$/year



variable



Minimal growth rate



rmin



no unit/year



0



Maximal growth rate



rmax



no unit/year



0.04



Reference forest area



F0



ha



110000



Fmin



ha



65000



per capita



kmin



US$/capita



400



Lower bound of the population



Pmin



capita



500000



Upper bound of the population



Pmax



capita



10000000



Lower bound of the forest area Lower bound of the capital



Table 1: Parameter values for model (1) and constraints (6).
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3. Problem description in the viability theory framework Two of constraints (6) concern the capital per capita, so we change the model variables and consider variable k(t), the capital per capita with k(t) := S(t) K(t) and variable s(t), the built area per capita with s(t) := . We P (t) P (t) get the dynamical system S with a three dimensional state variable x := (s, P, k) ⊂ X ⊂ R3 and a four dimensional control variable u := (δ, ρ, τ, r):   x′ (t) = f (x(t), u(t)) S (7)  u(t) ∈ U(x(t)) for almost all t ≥ 0 . From (1), f is defined by:    s′ (t) = δ(t)(1 − ρ(t)) − r(t)s(t)      P ′(t) = r(t)P (t)   k ′ (t) = −c − βδ(t)(1 − ρ(t))      +pe min(s(t), γ(1 − ρ(t))) + ωρ(t) +



τ (t) P (t)



− r(t)k(t) (8)



From (1) and constraint (4) which defines an additional constraint on the set of admissible controls: U(x) := [0; δmax ] × [0; 1] × [0; τmax ] × [rmin ; rmax ] ∩ {(δ, ρ, τ, r)|k ′ ≥ 0}. (9) Constraints (2), (3) and (5) define a subset of the state space: {(s, P, k)|sP ∈ [0; Smax ]} ∩ [smin ; smax ] × [Pmin ; Pmax ] × [kmin ; ∞[ with Smax := F0 − Fmin , smin =



Smax Pmax



and smax =



(10)



Smax . Pmin



In the viability theory framework, the classical constraint set K is compact. So we add an upper bound for variable k, kmax , and K is defined 13
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by: K := {(s, P, k)|sP ∈ [0; Smax ]} ∩ [smin ; smax ] × [Pmin ; Pmax ] × [kmin ; kmax ]. (11) The boundary C = {(s, P, k)|k = kmax }



(12)



is considered as a target in the viability theory framework: Any evolution which reaches this boundary will be considered as viable. We thus choose a relatively high value for kmax , kmax = 5000 which corresponds to 5000 US$ per capita, making the assumption that such a level of capital per capita would offer other opportunities for the population to protect the forest. Hence, in the following, we compute viability kernels with target (for additional information about the viability theory, you can see Aubin [13]): An evolution t ∈ [0, +∞[ → x(t) ∈ X describes the state of the system over time. Let S(x) the set of all the evolutions starting from x and governed by the controlled dynamical system S, i.e. :    ′    x (t) = f (x(t), u(t)) S(x) = x(.) x(0) = x and  u(t) ∈ U(x(t)) for almost all t ≥ 0   



Definition 3.1 (Viable evolution). An evolution is said viable in K ⊂ X if it always stays in K: ∀t ≥ 0, x(t) ∈ K. Definition 3.2 (Viability kernel with target). The viability kernel with target ViabS (K, C) associated with the controlled dynamical system S and submitted to the constraint set K ⊂ X and target C ⊂ X is the set of all the starting
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states from which it is possible to find a viable evolution or a viable evolution until it reaches C in finite time: ViabS (K, C) = {x0 ∈ K | ∃x(.) ∈ S(x0 ) such that ∀t ≥ 0, x(t) ∈ K or



∃T ≥ 0|x(T ) ∈ C and ∀t ∈ [0; T ], x(t) ∈ K}.



4. Results: Sustainability of the current situation of the forest corridor of Fianarantsoa In this section, we study the sustainability of the current situation in the forest corridor of Fianarantsoa in Madagascar according to different set of admissible action policies in terms of monetary transfers. We start by the computation of all the initial situations which are sustainable without any monetary transfer (control possibilities however exist in terms of building area or population growth from the definition of the sets of admissible controls U(x) in (9)). Then, we add monetary transfers to study the link between the volume of the viability kernel and the maximal threshold of the monetary transfers. The aim is to determine the minimal maximal threshold of monetary transfers to make the current situation sustainable. Finally, we study different viable action policies. We are particularly interested in the minimal amount of monetary transfers necessary over time. The following results are obtained thanks to Saint-Pierre [25]’s algorithm. 4.1. Is the current situation sustainable without monetary transfer? The answer depends whether the current situation belongs to the viability kernel of dynamics defined by (8) and (9) with parameter τmax = 0 with constraint set (11) and target (12).
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The constraint set K is represented by a gray area on figure 1. Figure 2 represents within constraint set K the viability kernel of dynamics defined by (8) and (9) with parameter τmax = 0: Its boundary is shaded with colors varying from blue to red according to the surface per capita value of the point. For all the situations outside the viability kernel, whatever the control function applied among the admissible ones, it is not possible to find a viable evolution starting from these points. From situations inside the viability kernel, it is possible to find at least one control function which governs an evolution which remains in K indefinitely or which reaches the upper bound of capital per capita value C. Such situations are considered sustainable since there exists at least one action policy (i.e. one choice of control function), such that both the economic and the ecological parts of the sustainability issue are preserved over time. We notice that the sustainable situations are situations with a high initial capital per capita. We evaluate the current situation with S = 33000 ha, P = 1000000 inhabitants and k = 800 US$/capita from INSTAT and USAID data projections. Is this situation inside the viability kernel with τmax = 0 (Fig. 2)? The answer is no. The current situation is then not sustainable without monetary transfer. Enlarging the sets of admissible controls, U(x), would offer new control function possibilities, the associated viability kernel would necessary be bigger and may therefore contain the current situation. We then next allow monetary transfer by setting τmax > 0 in the definition of U(x) (9).
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4.2. Effect of the maximal monetary transfer value τmax on the viability kernel We now study viability kernels with strictly positive maximal threshold of the monetary transfer τmax . For example, figure 3 represents the viability kernel for maximal monetary τmax = 105 on the left and on the right it represents the viability kernel for maximal monetary τmax = 108 . Of course a higher value of τmax leads to a bigger viability kernel. Figure 4 represents within the constraint set the boundaries of two viability kernels shaded with colors varying from blue to red according to the s-value of the point: The smallest one corresponds to τmax = 0 and the biggest one to τmax = 107 . Monetary transfers make possible to include in the sustainable area more initial situations, in particular situations with a lower initial capital per capita. We now precise the link between the maximal threshold of monetary transfers and the volume of the viability kernel. Curve of figure 5 associates the value of the maximal monetary transfer τmax with the volume of the viability kernel. We notice first that monetary transfer has little effect below a minimal threshold. The viability kernel represents 42% of the constraint set for monetary transfers spread from 0 to 106 . We then notice that the viability kernel represents 100% of the constraint set for maximal monetary transfers superior to 109 . Finally, maximal monetary transfers necessary to ensure ecological and economic sustainability issues depend on the initial state under consideration. Moreover, for a given initial situation, it is possible to determine the 17
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minimal maximal monetary transfer which ensures sustainability by computing viability kernels with increasing values of τmax until one kernel contains this initial situation. As far as the current situation is concerned, we have determined that the current situation belongs to the viability kernel when the maximal threshold of monetary transfer τmax ≥ 2, 5 ∗ 107. Hence, the minimal value of the maximal threshold of monetary transfer to make the current situation sustainable equals 25000000 US$ near. 4.3. From viable situations, control functions which actually ensure sustainability From any points inside a viability kernel, there exists at least one viable control function. However, there may be several viable ones. Viable control functions govern evolutions which remain in the constraint set. In our study the constraint set is defined in order to contain sustainable situations that are situations where forest is preserved (F ≥ Fmin ), the corridor is populated (P ≥ Pmin ) but not overpopulated (P ≤ Pmax ) and the capital per capita is both over a minimal threshold kmin and increasing. For instance, figure 6 represents two sustainable evolutions starting from the same current situation (point A) built thanks to the viability kernel with τmax = 2, 5 ∗ 107 . The green evolution is the heavy evolution defined by Aubin [13], the control changes only on the boundary of the viability kernel if the current control is no more viable. However the viable evolution which minimizes at each time step the viable monetary transfer is more relevant for our study since it is the viable evolution for which the money spent is on each period minimal: We compute an approximation of such an evolution using Saint-Pierre [25]’s 18
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viability algorithm by choosing at each time step the viable control for which τmax is minimal. It is colored red in figure 6. We notice that this red evolution starts from the current situation and ends in a situation where population equals Pmin the lower bound of the sustainable area and capital per capita reaches the target kmax . We now focus on viable control functions that minimize at each time t the monetary transfer. We consider the case when τmax = 107 . To build the viable evolution displayed in figure 7, starting from an initial situation inside the viability kernel, we have again chosen in Saint-Pierre [25]’s algorithm the minimal viable value for monetary transfers at each time t. The different values of the monetary transfer along the evolution are represented by colors varying from white to red ; in white monetary transfers are low and in red, they are high (the maximal value equals τmax = 107 ). Figure 8 displays the evolution of the three state variables with time: Governed by the minimal viable monetary transfers, this sustainable evolution leads to the minimal population, Pmin , necessary to ensure a human presence in the corridor and it achieves the targeted capital per capita threshold, kmax , at the same time as it reaches the maximal acceptable surface of built area, Smax . Figure 9 displays the values of monetary transfers from time 0 to time 250 (in year) for the evolution of figure 7. We notice that there are high fluctuations on monetary transfers over time. In particular, they can be null during time periods. Moreover, it is interesting to note that it is not always necessary to provide the maximal admissible transfer value τmax . Such information is valuable since it specifies when and which amount of monetary transfer is necessary to ensure
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sustainability over time. 5. Conclusion and discussion We have studied the sustainability of the current situation of the forest corridor of Fianarantsoa (Madagascar) facing two competing issues: Forest preservation (ecological stake) and household survival (economic stake). The aim of our study is to check if a compromise is possible and to determine political actions to carry out this compromise. We have first defined within the state space that represents the system under study a constraint set that takes into account both aspects of the problem (the ecological constraint is a forest area bigger than a given minimal threshold and the economic constraint is both a minimal threshold for the capital per capita and a non decreasing capital per capita). Then, as Martinet and Doyen [19] for instance, we have defined a sustainable evolution as an evolution that remains in the constraint set indefinitely. We have elaborated a mathematical model and have defined control variables varying between bounds over time which represent possible action policies like deciding to develop new area of rice-growing, promoting the wage labor or adding monetary transfer. In the framework of the mathematical viability theory, the current situation will then be considered as sustainable if it belongs to the viability kernel of the constraint set which gathers all states from which there exists action policies that make the system state remain in the constraint set indefinitely. The first result of our analysis is that the current situation is not viable without any monetary transfer in the framework of our mathematical model. 20
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Consequently, we have increased the maximal bound of admissible monetary transfer at each time t. Then, thanks to the computation of the corresponding viability kernels, we have determined the minimal value for the maximal bound of monetary transfer necessary to make the current situation viable. Then, when the situation is in the viability kernel, we have focused on the study of viable control functions that allow to govern sustainable evolutions: We have exhibited periods of time when monetary transfers are not necessary and periods when they must be equal to the maximal bound. It is very interesting practically because we know precisely when it is essential to support financially the population. The choice we have made to characterize sustainable evolutions presents the advantage that it is not necessary to organize into a hierarchy all pillars of sustainability. Then, the viability analysis procedure we propose (increasing the control variable bounds until the situation of interest belongs to the corresponding viability kernel) allows to determine the minimal bounds of admissible control variables that make the current situation sustainable. Further studies should go into details concerning monetary transfers. In particular, it would be interesting to study the case of monetary transfers employed for improving agricultural productivity and the consequences in terms of sustainability for the current situation. In the same way, it would be pertinent to study a development of paid employment thanks to monetary transfers. The monetary transfers we consider as a global control in this paper could be divided into several control variables acting on different ways and their efficiency in terms of sustainability could be compared. The same viability analysis procedure could also be applied on the other
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control variables of our mathematical model. More work is also needed to provide the evolution of the minimal viable evolution with τmax : Actually, if τmax decreases the evolution may no longer be viable and if τmax increases it will remain viable but may no longer be minimal. Besides, we have considered the very favorable case where the population growth take the most appropriate value to ensure viability. Considering the population growth as a bounded uncertainty would allow to study sustainable situations in the worst case that is whatever bounded population growth (in that case the key concept would be the guaranteed viability kernel [31]). Acknowledgments This paper was supported by the ANR project D´eduction. References [1] World conservation strategy: Living resource conservation for sustainable development, International Union for Conservation of Nature and Natural Resources (IUCN), United Nations Environment Programme (UNEP) and the World Wildlife Fund (WWF), 1980. [2] J. B. Collings, D. J. Wollkind, A global analysis of a temperaturedependent model system for a mite predator-prey interaction, SIAM J. Appl. Math. 50 (1990) 1348–1372. [3] L. V. Coller, Automated techniques for the qualitative analysis of ecological models: Continuous models, Conserv. Ecol. 1 (1997) 5. 22
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Figure 1: Constraint set K (11): It is the intersection of the cube [smin ; smax ] × [Pmin ; Pmax ] × [kmin ; kmax ] which edges are colored grey and the area {s, P, k} such that sP ≤ Smax . The parameter values are those of table 1 with smin = Smax /Pmax and smax = Smax /Pmin .
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Figure 2: Inside the constraint set, shaded with colors varying from blue to red according to the surface per capita value, the viability kernel for the system defined by (8) and (9) with parameter τmax = 0 with constraint set (11) and target (12). The constraint set is the intersection of the cube [smin ; smax ] × [Pmin ; Pmax ] × [kmin ; kmax ] which edges are colored grey and the area {s, P, k} such that sP ≤ Smax . The parameter values are those of table 1 with smin = Smax /Pmax and smax = Smax /Pmin .
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Figure 3: Viability kernels for the system defined by (8) and (9) with constraint set (11) and target (12): τmax = 105 on the left and τmax = 108 on the right. The constraint set is the intersection of the cube [smin ; smax ] × [Pmin ; Pmax ] × [kmin ; kmax ] which edges are colored grey and the area {s, P, k} such that sP ≤ Smax (11). The parameter values are those of table 1 with smin = Smax /Pmax and smax = Smax /Pmin .
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Figure 4: Two viability kernels for the system defined by (8) and (9) with constraint set (11) and target (12) for two different values for the maximal monetary transfer τmax = 0 and τmax = 107 . The constraint set is the intersection of the cube [smin ; smax ] × [Pmin ; Pmax ] × [kmin ; kmax ] which edges are colored grey and the area {s, P, k} such that sP ≤ Smax . The parameter values are those of table 1 with smin = Smax /Pmax and smax = Smax /Pmin .
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Figure 5: Volume of the viability kernel as a percentage of the volume of the constraint set in function of the maximal monetary transfer τmax .
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Figure 6: Two viable evolutions starting from the current situation (A) inside the viability kernel with τmax = 2, 5 ∗ 107 . The green evolution is an heavy evolution, that means that control changes only if viability is at stake. The other one (red evolution) minimizes at each time t the viable monetary transfer. The constraint set is the intersection of the cube [smin ; smax ] × [Pmin ; Pmax ] × [kmin ; kmax ] which edges are colored grey and the area {s, P, k} such that sP ≤ Smax . The parameter values are those of table 1 with smin = Smax /Pmax and smax = Smax /Pmin .



32



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65



Figure 7: Two views with different angles of a viability kernel and one viable evolution. The starting situation belongs to the viability kernel with τmax = 107 . The evolution is the viable one which minimizes at each time t the viable monetary transfer. The constraint set is the intersection of the cube [smin ; smax ] × [Pmin ; Pmax ] × [kmin ; kmax ] which edges are colored grey and the area {s, P, k} such that sP ≤ Smax . The parameter values are those of table 1 with smin = Smax /Pmax and smax = Smax /Pmin .
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Figure 8: Evolutions with time of the three state variables {s, P, k} for the viable evolution with minimal monetary transfer displayed in figure 7. The initial situation belongs to the viability kernel of the system defined by (8) and (9) with constraint set (11) and target (12) for the maximal monetary transfer τmax = 107 .
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Figure 9: Monetary transfer values from time 0 to time 250 (in year) for the evolution of figure 7 (the starting situation belongs to the viability kernel of the system defined by (8) and (9) with constraint set (11) and target (12) with τmax = 107 ; and the evolution is the viable one which minimizes at each time t the viable monetary transfer).
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