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An LMI method for pseudo state feedback stabilization of commensurate fractional order systems Christophe Farges∗ , Mathieu Moze∗ and Jocelyn Sabatier∗ Abstract— This paper addresses the problem of pseudo state feedback stabilization of commensurate fractional order systems. Adopted framework is based on Lyapunov theory and uses Linear Matrix Inequalities (LMI) formalism. A new LMI stability condition is first proposed. Based on this condition, a necessary and sufficient LMI method for the design of stabilizing controllers is given. Its efficiency is evaluated on an inverted fractional pendulum stabilization problem.



I. INTRODUCTION In spite of intensive researches, stability of fractional order systems remains an open problem. As for linear time invariant integer order systems, it is now well known that stability of a linear fractional order system depends on the location of the systems poles in the complex plane. However, pole location analysis remains a difficult task in the general case. For commensurate fractional order systems, powerful criterions have been proposed. The most well known is the Matignon’s stability theorem [1]. It permits to check the system stability through the location in the complex plane of the state matrix eigenvalues of the pseudo state space system representation. Matignon’s theorem is in fact the starting point of several results in the field. This is the case of the Linear Matrix Inequalities (LMI) based theorems presented in this paper. LMI has played an important role in control theory since the early 60’s. This is mainly due to the fact that numerous problems arising in control theory can be expressed in terms of convex optimization problems involving LMIs. Moreover, the success of LMI-based methods has been amplified by the development of efficient numerical methods to solve convex optimization problems [2]. Regarding stability, one of the most famous LMI conditions results from the Lyapunov theory [3] applied to LTI systems of integer order. Resulting LMI condition allows to test the location of the system’s poles in a particular region of the complex plane: the left-half plane. Other LMI-based methods have been developed to test if the eigenvalues of the state matrix belong to particular regions of the complex plane named LMI regions [4]. Paradoxically, only few studies provide LMI conditions for stability analysis of fractional systems [5], [6] and synthesis of control laws for such systems is almost exclusively done in the frequency domain [7]. This is probably due to the fact that stability domain of commensurate fraction order systems This work was not supported by any organization *All authors are with Laboratoire IMS, Groupe LAPS/CRONE, CNRS UMR 5218, Universit´e Bordeaux 1, 351 cours de la lib´eration, 33405 Talence, France [email protected]



of order 0 < ν ≤ 1 is not convex and cannot be described by an LMI region. Nevertheless, recent works tackle this problem. In particular, new necessary and sufficient LMI conditions for fractional order systems stability are proposed in [6] and a state of the art is presented in [8]. Concerning synthesis, to the authors’ knowledge, no LMI result has been published yet. Thus, the contribution of the paper is to provide new necessary and sufficient LMI conditions for the design of pseudo state feedback control laws for fractional order systems. The paper is organized as follows. First, some important results concerning stability of commensurate fractional order systems are reminded. Then, the pseudo state feedback stabilization is stated and a discussion on the difficulty of extending existing LMI analysis conditions to synthesis is proposed. In section IV, a new LMI-based stability analysis condition is derived and extended to solve the synthesis problem. Finally, the efficiency of the method is evaluated on an inverted fractional pendulum stabilization problem. Notations: Notation is standard. The transpose of a matrix A is denoted A′ , its conjugate is denoted A¯ and its conjugate transpose is denoted A∗ . For Hermitian matrices, ≻ () denotes the L¨owner partial order, i.e. A ≻ B iff A − B is positive definite. R+ , (R+∗ ) is the set of positive (strictly positive) real numbers. C is the set of complex numbers. II. PRELIMINARIES A. LTI Commensurate Fractional Order Systems A LTI multivariable fractional order system of input u(t) ∈ Rm and output y(t) ∈ Rp can be modeled by a differential equation of the form Ny X



Si Dνyi y(t) =



Nu X



Ti Dνui u(t)



(1)



i=0 p×m



i=0 p×p



where Si ∈ R and Ti ∈ R are constant matrices, Dνyi and Dνui are fractional derivation operators (presented results remain valid whatever fractional derative definition is used: Riemann-Liouville’s [9] or Caputo’s definition [10]). In this paper are considered LTI multivariable fractional order systems with commensurate order. Definition 1: A LTI multivariable fractional order system is commensurate if all derivation orders involved in its differential equation (1) are multiple of a same fractional order ν. In that case, differential equation (1) writes Ny X i=0



kyi



Si (Dν )



y(t) =



Nu X i=0



Ti (Dν )



kui



u(t)



(2)



where ν is the fractional order of the system and kyi ∈ N∗ and kui ∈ N∗ are the commensurability orders. B. Pseudo State Space Representation A LTI commensurate fractional order system described by differential equation (2) admits a pseudo state space representation of the form  ν D x(t) = A x(t) + B u(t) (3) y(t) = C x(t) + D u(t) where x(t) ∈ Rn is the pseudo-state vector (components of vector x(t) describe the dynamics of the system), ν is the fractional order of the system and A ∈ Rn×n , B ∈ Rn×m , C ∈ Rp×n and D ∈ Rp×m are constant matrices. Remark 1: In the single-input single-output case, a possi′ ble choice of state vector is x = y Dν y · · · D(n−1)ν y . Remark 2: For a fractional order system, the knowledge of x(t0 ) (t0 being the initial time) is not enough to determine the future behavior of the system [11], [12]. The knowledge of all the past of the system is needed. Consequently, vector x does not represent the state of the system. This is why the denomination of pseudo state is adopted in this paper. As for integer order systems, the transfer matrix H(s) can be obtained from a pseudo state space realization using the following relation: H(s) = C (sν I − A)



−1



B + D.



The impulse response matrix of the system h(t) ∈ R is then obtained via a Laplace inverse transformation: h(t) = L−1 (H(p)) .
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Fig. 1.



Definition 2 ([1]): An linear fractional order system defined by its impulse response h is bounded-input boundedoutput (BIBO) stable if and only if   ∀ u ∈ L∞ R+ , Rm , y = h ⋆ u ∈ L∞ R+ , Rp (6)



which is equivalent to: h ∈ L1 (R+ , Rp×m ). When system (3) is BIBO stable, its response to initial conditions in Caputo’s sense decays like t−ν and its impulse response as t−1−ν . The fact that the components of y(t) slowly decays towards zero leads to fractional systems sometimes being called long memory systems. D. Stability Domain of LTI Commensurate Fractional Order Systems



LTI integer order systems stability can be checked via the location of the eigenvalues of the state matrix A in the complex plane. This result was extended to LTI commensurate fractional systems of order 0 < ν < 1 by D. Matignon who proposed the following theorem. Theorem 1 ([1]): System (3), with minimal triplet (A, B, C) and with 0 < ν < 1, is BIBO stable if and only if π |Arg (spec(A))| > ν . (7) 2 Moreover, it is proved in [13] that this result is still true when 1 < ν < 2.



ν π2 Re (spec (A))



Stability domain of fractional systems (hatched region)



Theorem 2 ([13]): Theorem 1 also holds if 1 < ν < 2. Figure 1 shows the stability domain of a fractional order system according to the value of fractional order ν. Remark 3: Throughout the paper, triplet (A, B, C) is always supposed to be minimal. III. PROBLEM STATEMENT We are interested in the design of pseudo state feedback control laws of the form: u(t) = Kx(t)



(8)



where K ∈ Rm×n is a constant matrix gain. Applying the control law given by equation (8) to system (3), the closed-loop model writes Dν x(t) = (A + BK)x(t).



p×m



C. Stability Definition
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