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Interview



An interview with Alain Connes, part II The interview was conducted by Catherine Goldstein and George Skandalis, Paris.1 The first part appeared in issue 63, pp. 25–31 of the Newsletter.



Among the results you have obtained, is there one you are most proud of? Being a scientist is (as far as I am concerned) a pretty humbling activity and I am not keen on showing any pride for any result. I tend to be suspicious of arrogant people. In fact what really matters to me is the pleasure of the discovery as opposed to the appreciation of Alain Connes the result by the community. The amount of joy one gets, the “kick” is of course quite variable and for instance, just to try to answer your question, the link between renormalization and the Birkhoff decomposition, that we found in 99 in our joint work with Dirk Kreimer gave me a great kick that lasted over a full week. I used to behave in a proud manner as a kid till I reached the age of ten, when I was sent to the scouts by my parents. I landed among a tough group and they taught me, one day, by a “group mockery” of myself that they did not buy my proud attitude. Since then I have, like the bulls in the corrida after the session with the picadors, always stood with a slightly bent back. Following your mathematical quest since the Seventies, one has the impression that you have always been fascinated by physics – and the zeta function. Absolutely. My fascination for the Riemann zeta function comes from reading Weil’s work on his reformulation in terms of idèles of the explicit formulas of Riemann which relate the zeros of the zeta function with the distribution of primes. There is a striking analogy between the “prime number” side of this formula and the fixed point contributions in a Lefschetz formula and the first problem is to find a space X on which the idèles are acting so that the Riemann-Weil explicit formula becomes a trace formula. At some point, after reading a paper of Victor Guillemin on foliations and the Selberg trace formula I realized that the space X should be a space of leaves of a foliation and hence a noncommutative space. I remained fascinated by this idea for ten years until after going to a conference in Seattle on the Riemann zeta function, I realized that the space X was already present in my work on quantum statistical mechanics with Bost, and is simply the adèle class space: the quotient of the space of adèles by the action of the multiplicative group of the field. This gives the interpretation of the Riemann-Weil explicit formulas of number theory as a trace formula and the spectral realization of the zeros as an absorption spectrum. 1



Thanks to Jim Ritter for his linguistic help.
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It is still quite far from giving the relevant information on the location of the zeros but it gives a geometric framework in which one can start to transpose the proof of Weil for the case of global fields of positive characteristic. In our joint work with Katia Consani and Matilde Marcolli we have now shown how to understand the spectral realization from a cohomological point of view, compatible with Galois theory. What emerges in particular is that while, as I explained in the first part of the interview, noncommutative spaces generate their own time, this new dynamical feature enables one to cool them down and obtain in this way, when the temperature goes to zero, a set of classical points. Moreover one can refine this thermodynamical procedure and get the analogue of the points over the algebraic extensions of the residue field, and these are organised in the same way as the points of a curve under the action of the Frobenius when dealing with the case of positive characteristic. It is a great challenge for noncommutative geometry now to develop the general conceptual tools allowing to transpose Weil’s proof from algebraic geometry to our analytic framework. My fascination for physics comes from quantum mechanics which, with the discovery of Heisenberg, is at the origin of noncommutative geometry. I have always admired the sophisticated computations physicists do, more specifically those which are motivated by experiment. It is a great motivation to discover that, hidden behind these recipes that physicists are finding from their physics motivation, there are marvellous mathematics. In these recent years the earlier work with Kreimer on renormalization and the Birkhoff decomposition has been pursued further in my collaboration with Marcolli. We discovered a universal group, obtained from a Riemann-Hilbert correspondence, which plays the role of the “cosmic Galois group” that Pierre Cartier had conjectured a few years ago. Indeed it is a universal symmetry group of all renormalizable quantum field theories. It contains the renormalization group of physicists as a one parameter subgroup but has a much richer structure. We have not been able to understand completely its relation with the motivic Galois groups, and in that sense it does not yet fully implement the dream of Cartier but deep work of Bloch, Esnault and Kreimer will surely shed more light on that aspect. For the Standard Model, this work started a few years ago with Ali Chamseddine and it has been pushed further on in my recent collaboration with Chamseddine and Marcolli. It turns out that the incredibly complicated Lagrangian of gravity coupled with the Standard Model is obtained just as pure gravity (of the simplest form, just counting the eigenvalues of the line element) for a space-
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Interview time which has a fine structure. Namely it is described not as ordinary 4-dimensional continuum but as the product of an ordinary continuum by a finite noncommutative space of the simplest kind whose effect is to correct the dimension modulo 8 coming from K-theory. It is clear that these are interesting ideas but, so far, they have not passed the experimental test and thus still belong to the realm of pure mathematics. You have spoken of the relation between mathematics and physics. Could you say something about the relationship between mathematicians and physicists, which is not the same thing? Yes. It is normal for the true physicist not to worry too much about mathematical rigor. And why? Because one will have a test at the end of the day which is the confrontation with experiment. This does not mean that sloppiness is admissible: an experimentalist once told me that they check their computations ten times more than the theoreticians! However it’s normal not to be too formalist. This goes with a certain attitude of physicists towards mathematics: loosely speaking, they treat mathematics as a kind of prostitute. They use it in an absolutely free and shameless manner, taking any subject or part of a subject, without having the attitude of the mathematician who will only use something after some real understanding. After the heroic period that culminated in the elaboration of the Standard Model, and renormalization of gauge theories, an entire generation of physicists drifted away from the contact with experimental physics in search for a theory that would not only “explain” the Standard Model but also unify it with gravity. And pursuing the idea called string theory, these physicists became mathematicians and had a great impact on mathematics. The objects they manipulate are Riemann surfaces, Calabi-Yau manifolds: and they do mathematics, real sophisticated mathematics. But so far there is no physical test showing any relation between these ideas and the real world. Moreover, because of their origin from physics, the way they proceed is totally different from that of mathematicians. This is true in particular at the sociological level: they work in huge groups and the amount of time they spend on a given topic is quite short. At a given time t, most of them are going to be working on the same problem, and the preprints which will appear on the web are going to have more or less the same introduction. There is a given theme, and a large number of articles are variations on that theme, but it does not last long. This happened in particular in the relation between string theory and noncommutative geometry. A herd of people tried to do field theory on a noncommutative space at the beginning of the years 2000, and after a relatively short time, they concluded that field theory on a noncommutative space was not renormalizable, because of the phenomenon of mixing between infrared and ultraviolet frequencies. This conclusion remained in force for two or three years, but after the pack had moved to another topic, a completely different, very small group of people showed that in fact, the theory was renormalizable, provided one added
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a missing term in the Lagrangian. This required tremendous insight on the part of the main actors Wulkenhaar and Grosse, and then with Rivasseau, Vignes-Tourneret, Gurau etc… they developed the general theory which is now in a remarkable state, closing on the first effective construction in 4 dimensions. The pack never came back, and continued to move on from one topic to the next. The sociology of science was deeply traumatized by the disappearance of the Soviet Union and of the scientific counterweight that it created with respect to the overwhelming power of the US. What I have observed during the last two decades since the fall of the USSR and the emigration of their scientific elite to the States is that there is no longer a counterweight. At this point, if you take young physicists in the US, they know that, at some point, they will need a recommendation written by one of the big shots in the country, and this means that if one of them wants to work outside string theory he (or she) won’t find a job. In this way there is just one dominant theory and it attracts all the best students. I heard some string theorists say: “if some other theory works we will call it string theory”, which shows they have won the sociological war. The ridiculous recent episode of the “exceptionally simple theory of everything” has shown that there is no credibility in the opponents of string theory in the US. Earlier with the Soviet Union, there was resistance. If Europe were stronger, it could resist. Unfortunately there is a latent herd instinct of Europeans, particularly in theoretical physics. Many European universities, at least in France or England, instead of developing original domains as opposed to those dominant in the United States, simply want to follow and call the big shots in the US to decide whom to hire. It is not by lack of original minds such as my friend and collaborator Dirk Kreimer. But it is a lack of self-confidence of Europe, which means that we are not capable of doing what needs to be done, of resisting and safeguarding this diversity at any price. I don’t think that we see similar things in mathematics, so there is a fundamental sociological difference between mathematics and physics. Mathematicians seem very resistant to loosing their identity and following fashion. In your conversations with Changeux you discussed mathematics and reality. Have you advanced in your thinking about this? I have no doubt that mathematical reality is something which exists, that it exists independently of my own brain trying to see it, and has exactly the same properties of resistance as external reality. When you want to prove something, or when you examine if a proof is correct or not, you feel the same anguish, the same external resistance as you do with external reality. Some people will tell you that this reality does not exist because it is not “localized” somewhere in space and time. I just find this absurd and I adopt a diametrically opposed point of view: for me even a human being is better described by an abstract scheme than by a material collection of cells – which in any case are totally renewed and replaced over a relatively short period of time and hence possess less mean-
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Interview ing or permanence than the scheme itself, which might eventually be reproduced in several identical copies… If one wants to reduce everything to “matter localized somewhere” one soon meets a wall which comes from quantum mechanics and one finds that this reduction of the outer reality to matter is an illusion that only makes sense at intermediate scales but by no means at a fundamental level. Thus I have no doubt on the subtleness and existence of a reality which can be neither reduced to “matter” nor “localized”. Now the question of whether mathematical reality is something created or something pre-existing is much easier to discuss if one uses the distinction which appears in Gödel’s theorem between “truth” and “provability” of a mathematical statement. I discussed this in details in my book “Triangle of thoughts” with Lichnerowicz and Schultzenberger and I refer to that book for the detailed argument which is rather involved. I was a bit frustrated after the book “Matière à Pensée” with Changeux, by the lack of an effective communication, and I made a point of writing another book where I could explain better the input coming from Gödel’s theorem. There is a fundamental mathematical reality out there, and the mathematician creates tools to understand it. The relation between the deductions of the mathematician (which – great recent discovery – take place in his brain) and that reality is similar to the relation between the deductions performed in a court as opposed to what actually happens in the real world. It hinges on a fine grammatical distinction between mathematical statements at the level of quantifiers– some are provable if they are true etc… This analogy with the court hall as opposed to external world is perfectly explained in the book of J.Y. Girard on Gödel’s theorem. It allows one, after some real work, to get a clear mental picture of the distinction between the role of the mathematician (creating tools to uncover a piece of this reality) and the reality itself. You have mentioned originality and fashion in mathematicians. Do you have an example? I had just arrived as a newcomer in IHES [Institut des hautes études scientifiques, in Bures-sur-Yvette, near Paris] in 1976. The first people I met were talking about stuff I just didn’t know. I was in the cafeteria and they would discuss “étale cohomology”, all kinds of things like that, which, with my culture coming from functional analysis and operator algebras, I didn’t know at all. Fortunately, I soon ran into Dennis Sullivan who, as long as he was in Bures, used to go up to any newcomers, whatever their field or personality, and ask them questions. He asked questions that you could, superficially, think off as idiotic. But when you started thinking about them, you would soon realize that your answers showed you did not really understand what you were talking about. He has a kind of Socratic power which would push people into a corner, in order to try to understand what they were doing, and so unmask the misunderstandings everyone has. Because everyone talks about things without necessarily having cleaned out all the hidden corners. He has another remarkable quality; he can explain things
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you don’t know in an incredibly clear and lucid manner. It’s by discussing with Dennis that I learnt many of the concepts of differential geometry. He explained them by gestures, without a single formula. I was tremendously lucky to meet him, it forced me to realize that the field I was working in was limited, at least when you see it as tightly closed off. These discussions with Dennis pushed me outside my field, through a visual, oral dialogue. And not at all through reading texts. You have talked about the importance of diversity, that people should have different backgrounds. But do you have some ideas about what sort of mathematical common ground everyone should share? It is a bit subtle. I mentioned the vibrant heart of mathematics. You could say: Why not teach this to everyone? But this would result in a disaster! Because people would end up knowing Riemann surfaces, modular forms, etc, but they would be ignorant of large parts of mathematics, like Hopf algebras or other subjects that might look more esoteric. So, I don’t know. I have the impression there should be a minimal common background - fundamental notions of differential and algebraic geometry, algebraic structures, real and complex analysis. Topology, basic number theory … are all needed. You can’t avoid it. People must know that much. After that, when you want to enter into more elaborate subjects, diversity should be the rule. We have to cultivate original people, as I explained in the first part of the interview, who are able to provide students with a totally original background with respect to this common knowledge. This will give young mathematicians keys, completely personal keys, which will allow them to open their own worlds. If they are lucky, they will be interested by many different things, because it is important for them to be able to flip from one thing to another for a while at the very beginning, until they find a subject that will really inspire them. I think it is important not to go beyond a certain limit for this common background. Then you should find and follow your own line, with an advisor who will allow you to strengthen your own originality. But of course there is no general recipe. But would you really recommend that a young mathematician learns a lot of mathematics without being a specialist in something? For a young mathematician, it is absolutely crucial to prove first that he or she is a mathematician. And that means to become a specialist in a topic and prove that you are able to do something very difficult. And this is not compatible with the dream of learning a bit about everything at the same time. Thus after finding the topic that you find enticing it is mandatory to concentrate, perhaps for a number of years, till you make a real dent. Afterwards, of course, once you’ve succeeded, once you have your passport to do mathematics, it’s wonderful if you succeed in enlarging your spectrum to avoid remaining a specialist of a narrow discipline for the rest of your life. But it’s very difficult to be a generalist. Because there is the danger of not doing real stuff in mathematics any more.
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Interview Do you have some ideas about the way mathematics should be taught? We must absolutely train very young people to do mathematical exercises, in particular geometry exercises — this is very good training. I find it awful when I see that, in school, kids are taught recipes, just recipes, and aren’t encouraged to think. When I was at school, I remember that we were given problems of solid (spatial) geometry. We went to a lot of trouble to solve them. It wasn’t baby geometry. These were difficult things, with subtle proofs. And two years earlier, we were doing problems of planar geometry. We used to spend all night doing these problems. And now if you gave the same problems in an exam (the experiment was performed recently) you would be called a murderer! This is no progress. Problems in geometry are easily set, and then you have to go to a lot of trouble to find a proof. It’s a shame we don’t do it anymore. I saw recent highschool problems, in which you define groups of rotations, rotations being equivalence classes… staying at a prehistorical level of sophistication just because of the heavy weight of the “formalism”… This is dreadful… Because geometry involves drawing figures, it should be directly accessible. Unfortunately, it’s not impossible that this exaggerated use of mathematical formalism was inadvertently inherited from Bourbaki - who does not define real numbers until chapter 9 of Topology, long after defining uniform structures… You mention Bourbaki. How do you judge now Bourbaki’s role? Bourbaki played a phenomenal role. You can’t deny he transformed many subjects – in which the deepest obscurity reigned – into fields of an incredible clarity. There are some marvellous books by Bourbaki: Algebra Chapter III and all the volumes on Lie groups, you can only be dumfounded with admiration. Now, once all this has been done, it’s done. There are still fields where something of the sort could have been done and was not done. But I don’t think that doing more of it would make a big difference. All in all, Bourbaki had such a great influence in giving us a concern for clarity and rigor that the beneficial effect has already occurred. If Bourbaki hadn’t been there, mathematics would have drifted towards lots of results that you could not rely on. Do you think that it would be possible now to launch such an ambitious and unselfish project? Unselfish to that degree now is not an obvious thing, since everybody is so busy with all sorts of “things to do”. There was a marvellous spirit in the beginning of the Bourbaki group, an idea of unselfish service to the community. I participated for a short period at the end of the seventies. I wrote some drafts but what stopped me to continue was when I realized that, in a room in Ecole Normale, there were hundreds of manuscripts, 100 to 150 pages each, which would never see daylight. I found that depressing. Of course there were partial duplicates… but there was such a demand for perfection before the content would be published, that finally it was as if these
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texts didn’t exist. Time passed, and as time passed, they became obsolete. There is this incredible dedication of Bourbaki members in writing drafts. When a manuscript is finished, it is true that you have learned a lot, you understand things better, but if the text never appears you get a real feeling of frustration. For a very long time Dieudonné was playing a key role to ensure that things would converge at some point, but after he left a lot of the efficiency left with him somehow. What are you working on now? Just at this time I am working on hard analysis which has to do with the spectral axioms of noncommutative geometry. This is the content of my class in College de France this year and it is a lot of technical work but also a welcome diversion. Just before this diversion I had reached, after we handed out the manuscript of our book2 with Matilde Marcolli, an obsessive mental state due to the inevitable risk of some mistake in such a large body of work. Of course one can check things and try to view them from all sorts of different angles, but for instance as soon as it touches physics the difficulties pile up since the accuracy of the calculations one does is not enough to ensure that they will have any “meaning” for the real world and pass the reality test. In that respect, I try to share the attitude of the great physicist Pierre-Gilles de Gennes when he said: “Le vrai point d’honneur n’est pas d’être toujours dans le vrai. Il est d’oser, de proposer des idées neuves, et ensuite de les vérifier. Il est aussi, bien sûr, de savoir reconnaître publiquement ses erreurs. L’honneur du scientifique est absolument à l’opposé de l’honneur de Don Diègue. Quand on a commis une erreur, il faut accepter de perdre la face.” What certainly matters, in what we do, is to try to constantly put one’s ideas to the test and see what happens. Nothing better than waking up in the middle of the night in that respect. And one should not be afraid. Here is what Alexandre Grothendieck writes in his unpublished book Récoltes et Semailles about this: “Craindre l’erreur et craindre la vérité est une seule et même chose. Celui qui craint de se tromper est impuissant à découvrir. C’est quand nous craignons de nous tromper que l’erreur qui est en nous se fait immuable comme un roc. Car dans notre peur, nous nous accrochons à ce que nous avons décrété “vrai” un jour, ou à ce qui depuis toujours nous a été présenté comme tel. Quand nous sommes mûs, non par la peur de voir s’évanouir une illusoire sécurité, mais par une soif de connaître, alors l’erreur, comme la souffrance ou la tristesse, nous traverse sans se figer jamais, et la trace de son passage est une connaissance renouvelée.” How do you read mathematics? The only way I manage to read mathematics is extremely slow because I read a statement and then I try to think about it. I can’t understand a proof if I haven’t tried to
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Interview prove it myself before. Once I’ve been stumped a long time on a result, I can understand it in seconds while scanning the proof; I see the one place where something happens and which I couldn’t guess before. The problem is that this method of reading is very slow, I need an enormous amount of time to make myself familiar with the result. I am almost unable to read a mathematical book linearly. A discussion or a talk, on the contrary, allow me to go faster. But I am aware that other mathematicians function in a very different way. Is it the same with physics? No, it’s totally different. In physics I adore reading; I spent about fifteen years studying the book of Schwinger, Selected Papers on Quantum Electrodynamics. He collected all the crucial articles, by Dirac, Feynman, Schwinger himself, Bethe, Lamb, Fermi, all the fundamental papers on quantum field theory, those of Heisenberg too, of course. This has been my bedside book for years and years. Because I have always been fascinated by the subject and I wanted to understand it. And that took a very long time to understand. Not so much to understand the detail of the articles, but to understand what they meant, what mathematics were behind them. In physics, then, I have a totally different reaction. I have not at all this inability to read. It’s strange. I think there is a possible reason: in mathematics I need to protect myself more, in some ways. In physics, I don’t feel this need. And outside science? Would you like to speak about something else, music, art? These last two years, I no longer had time because I had to work harder, but before I used to take lessons in drawing and in piano. What struck me in music was to see how some composers had reached an incalculable level of perfection in their art. In studying some scores, I was struck to realise that you learn as much as in reading some mathematical papers. Simply because of the level of sophistication. This is not a question of analogy between mathematics and music. Some composers reached, by an hallucinatory work of precision, a level of perfection close to that of some of Riemann’s work. And faced with this level of perfection I react in the same way, a feeling of admiration - but an admiration which creates motion, something which is not at all static: beauty plus perfection puts thought into motion, it forces you to think. This perfection in the form of a work of art is of course very rare. To take an example, this time in literature, there is a striking difference of “form” between [Flaubert’s] Madame Bovary and [Balzac’s] Le lys dans la vallée. Madame Bovary is absolute perfection, a marvel of precision which is the outcome of a phenomenal amount of work, while the other is a bit botched. Le lys dans la vallée contains also marvellous stuff but there’s an obvious difference in appearance. I often have this impression when I look at mathematical papers or art works, that I feel intensely this distinction. Some pieces stand out way above the others, one gets the feeling that the author, instead of stopping
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at time t and saying, “fine, that will do, I’ll hand in my stuff” (Balzac was forced to do that, he had a knife at his throat, he had no choice) just kept working until reaching something which is close to absolute perfection. This is mainly what I feel about art. These works, the ones with this absolute perfection, give you momentum. They give you something which is not only a feeling; they give you an extraordinary power, a force, which allows you to carry on further. It passes something on to you. I have this impression with some papers in mathematics or in physics. Riemann’s paper on zeta, Einstein’s article on relativity for instance… There are few of them, very few. They put the level of writing standards so high. It’s marvellous. You see something and you really understand. This is an extraordinary instrument for understanding and, beyond the clarity, you feel something which puts you in motion. It tells you: Go on.



Alain Connes is a Professor at the Collège de France, IHES and Vanderbilt University. Among his awards are a Fields Medal in 1982, the Crafoord Prize in 2001 and the CNRS Gold Medal in 2004.



Catherine Goldstein [[email protected]] is Directrice de recherches at the Institut de mathématiques de Jussieu. Her research projects lie in the history of mathematics, in particular of number theory. She recently coedited ‘The Shaping of Arithmetic after C. F. Gauss’s Disquisitiones Arithmeticae’ and currently works on the impact of World War I on mathematical sciences.



Georges Skandalis [[email protected]. fr] is Professor at Université Paris Diderot – Paris 7 and the Institut de mathématiques de Jussieu. His main research subject is non commutative geometry. He currently studies singular foliations and the associated index theory. He is Alain Connes’ former student.
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