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AN EXPLICIT FORMULA GENERATING THE NON-FIBONACCI NUMBERS BAKIR FARHI Abstract. We show among others that the formula: ¹ ½ ¾ º ´ √ ³ √ 3 n + logΦ 5 logΦ ( 5n) + n − 5 + − 2 (n ≥ 2), n (where Φ denotes the golden ratio and bc denotes the integer part) generates the non-Fibonacci numbers.



1. Introduction and main result Two sequences of natural numbers are said to be complementary if they are disjoint and their union is the entire set N of nonnegative integers. Given a sequence of nonnegative integers, it is an important problem to find an explicit formula for the sequence complementing them in N. For example, it is well known that the sequence complementing the perfect square positive √ integers is generated by the formula bn + n + 12 c (n ∈ N) and the sequence complementing the triangular numbers (i.e., the integers having the form n(n+1) , n ∈ N) is generated by the 2 √ 1 formula bn + 2n + 2 c (n ≥ 1). On this topic we can consult the article [5] of Lambekand and Moser. For a brief introduction, we can consult the book [4] of Honsberger or the chapter 1 of the book [3] of the same author. In this paper, we establish a general theorem which gives the formula generating the complement (in N) of a given sequence of integers. Then we apply it to obtain the complementary sequences of some types of sequences including the Fibonacci sequence. So we obtain an explicit formula for the nth non-fibonacci number. Actually, Gould [2] already obtained an approximate formula for the nth non-Fibonacci number (noted gn ). His formula is: gn = n + F (n + F (n + F (n))), 1 2



where F (n) = blogΦ n + logΦ 5 − 1c. But the inconvenient of Gould’s formula is that it is quite complicated and the purpose of this paper is to obtain an easy formula depending only on n. In addition, our approach is somewhat different from that of Gould. Our main result is the following: Theorem 1.1. Let (un )n∈N be an increasing sequence of integers and ϕ : [0, +∞[→ R be a continued function which increases and tends to +∞ when x tends to +∞. Suppose that ϕ satisfies for all n ∈ N: un − n < ϕ(n) ≤ un − n + 1 (I) −1 Then the formula (bn + ϕ (n)c)n≥u0 +1 generates the complement of {un , n ∈ N} in [u0 , +∞[∩Z. Proof. First remark that the hypothesis (I) of the theorem gives ϕ(0) ≤ u0 + 1. Consequently, since ϕ is continuous, increasing and tends to +∞ when x tends to +∞, the set of arrival of ϕ contains the interval [u0 + 1, +∞[. It follows that ϕ−1 is defined at least in the interval [u0 + 1, +∞[. 1
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Also, because (un )n∈N is an increasing sequence of integers, we have for all n ∈ N: un ≥ u0 +n. In particular ϕ−1 can be applied to all real number greater than or equal to un − n + 1 (n ∈ N). • Now, let N ∈ [u0 , +∞[∩Z which is not a term of (un )n and let us show that N is a term of the sequence (bk + ϕ−1 (k)c)k≥u0 +1 . Since N ≥ u0 then N lies between two consecutive terms of (un )n . Let n ∈ N such that: un < N < un+1 . since N is an integer, we have also: un + 1 ≤ N ≤ un+1 − 1. Hence un − n + 1 ≤ N − n ≤ un+1 − (n + 1). By applying ϕ−1 (which is increasing because ϕ is increasing), it follows that: ϕ−1 (un − n + 1) ≤ ϕ−1 (N − n) ≤ ϕ−1 (un+1 − (n + 1)). But according to the hypothesis (I), we have ϕ−1 (un+1 −(n+1)) < n+1 and ϕ−1 (un −n+1) ≥ n. So n ≤ ϕ−1 (N − n) < n + 1, which implies that: bϕ−1 (N − n)c = n. Finally, we conclude that: N = (N − n) + n = (N − n) + bϕ−1 (N − n)c = b(N − n) + ϕ−1 (N − n)c, which implies that N is generated by the formula bk + ϕ−1 (k)c (k ≥ u0 + 1). • Conversely, let N be a term of the sequence (bk + ϕ−1 (k)c)k≥u0 +1 and let us show that N is not a term of (uk )k∈N . Let n ≥ u0 + 1 be fixed such that N = bn + ϕ−1 (n)c. So we have: N ≤ n + ϕ−1 (n) < N + 1. By subtracting n and then applying ϕ (which is increasing), we get: ϕ(N − n) ≤ n < ϕ(N − n + 1). But according to the hypothesis (I), we have: ϕ(N − n + 1) ≤ uN −n+1 − (N − n + 1) + 1 = uN −n+1 − N + n and ϕ(N − n) > uN −n − (N − n) = uN −n − N + n. Using this, we get: uN −n − N + n < n < uN −n+1 − N + n, which is equivalent to: uN −n < N < uN −n+1 . So N lies between two consecutive terms of (uk )k . Hence N cannot be a term of (uk )k . This completes the proof of the theorem.
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2. Applications 2.1. The Complement of the sequence (nr )n∈N , r ∈ N, r ≥ 2. We have the following: ³j p √ k´ generates the Corollary 2.1. Let r ≥ 2 be an integer. The formula n+ r n+ r n n≥1



positive integers which are not rth powers.



Proof. p √ We apply Theorem 1.1 for un = nr (n ∈ N) and ψ(x) := ϕ−1 (x) = r x + r x (x ∈ [0, +∞[) which is a continuous and increasing function and tends to +∞ when x tends to +∞. To verify the hypothesis (I) of Theorem 1.1, it is equivalent to verify that ψ(nr − n) < n and ψ(nr − n + 1) ≥ n (∀n ∈ N).



√ r In odrer to show that ψ(nr − n) < n, it suffices to bound from above nr − n by n and in √ r r r order to show that ψ(n − n + 1) ≥ n it suffices to bound from bellow n − n + 1 by (n − 1). The corollary follows. ¥ Remark. For the sequences of perfect squares and perfect cubes, we have other formulas more sample than the previous √ one complementing them. Indeed, using Theorem 1.1, we can show that the formula (bn + n + 12 c)n≥1 generates the positive integers which are not perfect ³j k´ √ 1 squares and the formula n + 3 n + 3√ generates the positive integers which are 3 n+1 not perfect cubes.



n≥1



2.2. The complement of the sequence (an )n∈N , a ∈ N, a ≥ 2. We have the following: Corollary 2.2. Let a ≥ 2 be an integer. The formula bn + loga (n + loga (n))c (n ≥ 1) generates the positive integers which are not powers of a. Proof. We apply Theorem 1.1 for un = an (n ∈ N) and ψ(x) := ϕ−1 (x) = loga (x + loga (x)) (x ∈ [1, +∞[) which is a continuous and increasing function and tends to +∞ when x tends to +∞. To verify the hypothesis (I) of Theorem 1.1, we have to verify that: ψ(an − a) < n and ψ(an − n + 1) ≥ n (∀n ∈ N). Those inequalities easily follow from the trivial upper bound loga (an − n) < n and the trivial lower bound loga (an − n + 1) > n − 1. The corollary follows. ¥ 2.3. The complement of the Fibonacci sequence. The Fibonacci sequence, noted (Fn )n∈N , is defined by: ½ F0 = 0 , F1 = 1 . Fn+2 = Fn + Fn+1 (∀n ∈ N) The Fibonacci numbers are simply the terms of (Fn )n . The complement of (Fn )n is given by the following: Corollary 2.3. The formula ¾ º ¹ ½ ³ ´ √ √ 3 5 logΦ ( 5n) + n − 5 + − 2 (n ≥ 2) n + logΦ n generates the numbers which are not Fibonacci numbers.
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Proof. We apply Theorem 1.1 for un = Fn+2 (n ∈ N) and ½ ³ ¾ ´ √ √ 3 −1 ψ(x) := ϕ (x) = logΦ 5 logΦ ( 5x) + x − 5 + − 2, x which is a continuous and increasing function on [2, +∞[ and tends to +∞ when x tends to +∞. To verify the hypothesis (I) of Theorem 1.1, we have to verify that: ψ(Fn+2 − n) < n and ψ(Fn+2 − n + 1) ≥ n (∀n ∈ N). To do so, we verify those inequalities for the small values of n (n ≤ 10) and we use Binet’s formula (see for example [3], chapter 8): 1 ¡ n¢ Fn = √ Φn − Φ 5 √



(where Φ = 1−2 5 = − Φ1 ) to verify them for the large values of n (n > 10). Let us prove the above inequalities for the large values of n. Using Binet’s formula, the calculations give: ´ √ ³ √ 3 n+2 = Φn+2 − Φ 5 logΦ ( 5(Fn+2 − n)) + Fn+2 − n − 5 + Fn+2 − n n o √ √ √ 3 2 + 5 logΦ 1 − (−Φ )n+2 − 5n(−Φ)n+2 . +2 5−5+ Fn+2 − n √ Because 2 5 − 5 < 0 and the quantity o n √ √ 3 n+2 2 −Φ + + 5 logΦ 1 − (−Φ )n+2 − 5n(−Φ)n+2 Fn+2 − n tends to 0 as n tends to infinity, we have: ´ √ ³ √ 3 5 logΦ ( 5(Fn+2 − n)) + Fn+2 − n − 5 + < Φn+2 Fn+2 − n for n sufficiently large (in practice n > 10 suffices). This gives ψ(Fn+2 − n) < n, as required. Similarly, using Binet’s Formula, the calculations give: ´ √ ³ √ 3 5 logΦ ( 5(Fn+2 − n + 1)) + Fn+2 − n + 1 − 5 + = Fn+2 − n + 1 n o √ √ √ 3 n+2 2 Φn+2 − Φ +3 5−5+ + 5 logΦ 1 − (−Φ )n+2 − 5(n − 1)(−Φ)n+2 . Fn+2 − n + 1 √ Because 3 5 − 5 > 0 and the quantity n o √ √ 3 n+2 2 −Φ + 5 logΦ 1 − (−Φ )n+2 − 5(n − 1)(−Φ)n+2 + Fn+2 − n + 1 tends to 0 as n tends to infinity then for n sufficiently large (n > 10 suffices) we have: ´ √ ³ √ 3 > Φn+2 . 5 logΦ ( 5(Fn+2 − n + 1)) + Fn+2 − n + 1 − 5 + Fn+2 − n + 1 This gives ψ(Fn+2 − n + 1) > n (for n > 10). The proof is complete. ¥
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Remark on the sequences with several indices We don’t know how to generalize Theorem 1.1 for the sequences of several indices although there exist some theorems of complement of sequences with several indices. The more famous is perhaps Legendre’s theorem (see e.g. [1]) which states that the sequence with three indices (n2 + m2 + k 2 )n,m,k∈N has for complement (in N) the sequence with two indices (4h (8` + 7))h,`∈N . Note also that if we are able to generalize Theorem 1.1 for sequences with two indices then we can obtain a formula generating prime numbers, because it is obvious that the sample formula ((n + 2)(m + 2))n,m∈N generates the composite numbers. References [1] H. Davenport. The Higher Arithmetic: An introduction to the theory of numbers, Dover 1983 (original edition, Hutchinson & Company Ltd, 1952). [2] H.W. Gould. Non Fibonacci numbers, Fibonacci Quarterly, 3 (1965), p. 177-183. [3] R. Honsberger. Mathematical gems III, Washington, DC: Math. Assoc. Amer. 1985. [4] R. Honsberger. Ingenuity in Mathematics, New Mathematical Library Series, vol. 23, Math. Assoc.Amer. 1970. [5] J. Lambekand & L. Moser. Inverse and complementary sequences of natural numbers, Amer. Math. Monthly, 61 (1954), p. 454-458. ´jaia, Be ´jaia, Algeria Department of Mathematics, University of Be E-mail address: [email protected]



























des documents recommandant







[image: alt]





Formulas generating prime numbers under CramÃ©r's ... - Farhi Bakir 

Abstract. Under Cramer's conjecture concerning the prime numbers, we prove that for any Î¾ > 1, there exists a real number A = A(Î¾) > 1 for which the formula.










 


[image: alt]





On the possible quantities of Fibonacci numbers that ... - Farhi Bakir 

Aug 11, 2015 - A closed formula of Fn (n âˆˆ Z) in terms of n is known and it is given by: ... that the real numbers Î¦ and Î¦ are the roots of the quadratic equation:.










 


[image: alt]





An analog of the arithmetic triangle obtained by ... - Farhi Bakir 

So the beginning of the arithmetic (or binomial) triangle is given by: 1. 1 1. 1 2 1 ... triangle until its 12th row and noted the process of its recursive construction by pointing out (2). ..... Find an iterative construction (i.e., a construction r










 


[image: alt]





An identity involving the least common multiple of ... - Farhi Bakir 

As usually, if p is a prime number and l â‰¥ 1 is an integer, we let vp(l) denote ... According to Kummer's theorem, this implies that vp( .... 44 (1852) 93-146.










 


[image: alt]





On the Representation of the Natural Numbers as the ... - Farhi Bakir 

And by applying Legendre's theorem, we show that every natural number is the sum of three ... We also propose two conjectures on the subject. 1 Introduction.










 


[image: alt]





On the representation of an even perfect number as the ... - Farhi Bakir 

ing's problem for cubes (see [1, Chap 2]), we prove that the quantity of ... 22k)3. , which is a sum of three positive integral cubes. 2nd case: (if p = 6k + 5 for some ...










 


[image: alt]





On the average asymptotic behavior of a certain ... - Farhi Bakir 

Integers: Electronic Journal of Combinatorial Number Theory,. 9 (2009), p. 555-567 (#A42). ... As examples, we can cite the following: ... We refer the reader to [3] for many other examples. In this paper, we ...... 102-109, Cambridge. Univ. Press ..










 


[image: alt]





On the representation of an even perfect number as the ... - Farhi Bakir 

Apr 27, 2015 - Nicomachus only listed the first four perfect numbers. ... who proved in 1747 the converse of Euclid's theorem for the even perfect numbers (see ...










 


[image: alt]





Upper bounds for the order of an additive basis obtained ... - Farhi Bakir 

some of such upper bounds, which can be seen as polynomials in h with degree (|X| + 1). .... We call â€œthe lower asymptotic densityâ€� of U the quantity defined by.










 


[image: alt]





A curious result related to Kempner's series - Farhi Bakir 

integers whose the decimal representation contains only a limited quantity of each digit of a given nonempty set of digits. Actually, such series are known to be ...










 


[image: alt]





A measure of intelligence of an approximation of a ... - Farhi Bakir 

Mar 1, 2017 - The following theorem shows the existence of intelligent rational ..... By Liouville's diophantine approximation theorem (see [2, Â§1]), Î± is not a ...










 


[image: alt]





Summation of certain infinite Fibonacci related series - Farhi Bakir 

Dec 30, 2015 - Using only the Binet formula (1.3), several properties and formulas related to the Fibonacci sequence can be found. We show for example that ...










 


[image: alt]





A Study of a Curious Arithmetic Function - Farhi Bakir 

Using the Visual Basic language, we have checked the validity of Conjecture 5 up to ... It follows by using Legendre's formula (see e.g., [1]) that: n. âˆ‘ r=1 Î½2(r)(3 ...










 


[image: alt]





An Elementary Proof that any Natural Number can be ... - Farhi Bakir 

conjecture of the author which is very recently confirmed by S. Mezroui et al. who ... that any natural number is the sum of four squares of integers and Legendre ...










 


[image: alt]





Model-Based Prognosis Using an Explicit 

This analytical expression is then used in the Inverse FORM algorithm to propagate the uncertainty in the model parameters in order to compute the RUL pdf.










 


[image: alt]





New results on the least common multiple of consecutive ... - Farhi Bakir 

If, for some k â‰¥ 1, gkâˆ’1 is defined, then we define gk by the relation: ... On one hand, we have from the definition of the function gk: ... divisor of lcm(1, 2,...,k).










 


[image: alt]





Generating an Interpretable Family of Fuzzy 

data sets are investigated and the results are compared with those obtained by other .... and is used as the basis of the aggregating criterion. The aggregating ..... As shown in Table II the proposed method leads to good per- formance results ...










 


[image: alt]





Algebraic and topological structures on the set of mean ... - Farhi Bakir 

the sense of the usual order on R) between two normal mean functions. ..... which the two symmetries with respect to M (in the sense of the group law introduced ...










 


[image: alt]





An object-oriented programming of an explicit dynamics code 

The conservative laws and the constitutive equations for ... the terms appearing in the constitutive law. ... where sv is the yield stress in the von Mises sense.










 


[image: alt]





On computable numbers with an application to the 

TIT is composed of a server daemon, a virtual machine monitor, and a client-side library. ..... ics - JSTOR, 1938. 4 citation(s). [68] AM Turing. Ox computable ...










 


[image: alt]





ox computable numbers with an application to the 

confirmed goal, it has ample historical precedence. 3 .... scholarly work in symbolic logic. founded in 1936, it has become the leading research journal in. 5 ...










 


[image: alt]





On computable numbers with an application to the 

with this rationale, indeed, Boolean logic and the World Wide .... PDF complexity (celcius) real-time models access points. Fig. 4. Note that clock speed grows as clock ..... an automatic computing engine (ace). report to the executive committee.










 


[image: alt]





ox computable numbers with an application to the 

To begin with, we prove that cache coherence and Inter- net QoS are .... PDF complexity (Joules) encrypted information introspective models. Figure 2: An .... public download. .... sion of an automatic computing engine (ace). report to the exec-.










 


[image: alt]





On computable numbers with an application to the 

Alan M. Turing, Intelligence Service. Schriften .... Pitman Publishing, London, England ..., 1953. 5 citation(s). .... mathematical biology - ncbi.nlm.nih.gov, 1990.










 














×
Report An explicit formula generating the non-Fibonacci numbers - Farhi Bakir





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Signe






Email




Mot de passe







 Se souvenir de moi

Vous avez oublié votre mot de passe?




Signe




 Connexion avec Facebook












 

Information

	A propos de nous
	Règles de confidentialité
	TERMES ET CONDITIONS
	AIDE
	DROIT D'AUTEUR
	CONTACT
	Cookie Policy





Droit d'auteur © 2024 P.PDFHALL.COM. Tous droits réservés.








MON COMPTE



	
Ajouter le document

	
de gestion des documents

	
Ajouter le document

	
Signe









BULLETIN



















Follow us

	

Facebook


	

Twitter



















Our partners will collect data and use cookies for ad personalization and measurement. Learn how we and our ad partner Google, collect and use data. Agree & Close



