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ALGEBRAIC CYCLES ON THE JACOBIAN OF A CURVE WITH A gdr FABIEN HERBAUT We present relations between cycles with rational coecients modulo algebraic equivalence on the Jacobian of a curve. These relations depend on the linear systems the curve admits. They are obtained in the tautological ring, the smallest subspace containing (an embedding of) the curve and closed under the basic operations of intersection, Pontryagin product and the pullback and pushdown induced by homotheties.



Abstract.



1. Introduction In this paper we extend a theorem of Elisabeta Colombo and Bert van Geemen for d-gonal curves to linear systems of higher dimension. To express our results in 1.3 we have to recall the Beauville decomposition theorem 1.1 which enlightens the structure of the tautological ring described in 1.2. The main points of the proof are summarised in 1.4.



1.1. We will use the notation CH(X) for the Chow ring associated to a smooth algebraic variety X , and A(X) for its quotient modulo algebraic equivalence. These rings will always be considered tensored by Q. The brackets [V ] mean we consider the class of a subvariety V of X . Let X be an Abelian variety over C whose group law we denote m and dual variety we ˆ . It admits homotheties x 7→ kx which we will also denote k for k ∈ Z. We have denote X another product between algebraic cycles, the Pontryagin product, dened between two cycles α and β 0 by α ∗ β = m∗ (p∗ α.q ∗ β) with p and q the two projections associated to the product X × X . Beauville introduced in [Bea83] the Fourier transform F , a Q-linear automorphism ˆ which exchanges the two products. He used it to prove in [Bea86] the between A(X) and A(X) decomposition theorem which states that the operators k∗ and k ∗ simultaneously diagonalize. For each codimension p the subspace Ap (X) splits:



Ap (X) = (1)



Lg i=p−g



Ap(i) (X)



where α ∈ Ap(i) (X)



i for all k ∈ Z k∗ α = k 2g−2p+i α ¡ ¢ or equivalently k ∗ α = k 2p−i α



It is conjectured that Ap(i) (X) vanishes for i < 0; it is proven if p ∈ {0, 1, g − 2, g − 1, g} . 1.2. Let C be a smooth projective complex curve of genus g ≥ 2 and JC its Jacobian variety. As C embeds into JC , we can consider the associated cycle [C] in Ag−1 (JC) and its decomposition1: (2)



where C(i) ∈ Ag−1 (i) (JC)



[C] = C(0) + . . . + C(g−1)



Notice that the cycle [C] doesn't depend on the embedding of the curve, as we work modulo algebraic equivalence. The tautological ring R is the smallest subspace of A(JC) which contains [C] and is stable under the two products and the operators k∗ and k ∗ . Actually, R is nite dimensional: Beauville proved in [Bea04] that R is the subalgebra for the Pontryagin product generated 1Perhaps it is useful to recall that C is denoted π 2g−2−i C in [CvG93] and that Polishchuk worked with the (i)



classes pi = F(C(i−1) ) in [Pol05].
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by C(0) , . . . C(g−1) . So we can describe R as a quotient of the Q-algebra Q[C(0) , . . . , C(g−1) ] by an ideal of relations we have to determine. But to discuss the vanishing of algebraic cycles is always a dicult problem. Few results are known for R. The cycle C(0) is never zero. Neither are C(1) and C(2) for generic curves of genus g ≥ 3 and g ≥ 11 as Ceresa and Fakhruddin proved in [Cer83] and [Fak96] respectively. More recently, Ikeda determined for each degree d a smooth g−1 plane curve for which the component C(i) is nonzero in CH(i) (JC) when i ≥ d − 3. On the other hand, one could ask for vanishing results. Polishchuk has presented in [Pol05] an ideal Ig of relations which hold for all curves of genus g . For nongeneric curves, Colombo and van Geemen gave the main result. In [CvG93], they stated that for a d-gonal curve, the cycle C(i) is algebraically equivalent to zero for i ≥ d − 1.



1.3. In this paper, we extend this theorem to curves which admit linear systems of higher dimension. More precisely, we state the following result where we use the abbreviation gdr for linear systems of dimension r and degree d:



Theorem 1. Let C be a curve which admits a base point free gdr . For each integer s ≥ 0 the



following relation holds in Ag−r (s) (JC) : X β(d, a1 + 1, . . . , ar + 1) C(a1 ) ∗ . . . ∗ C(ar ) = 0 0≤a1 ,...,ar a1 +...+ar =s



where



β(d, a1 , . . . , ar ) =



d X i1 =1



...



d X



µ (−1)i1 +...+ir



ir =1



¶ d i1 a1 . . . ir ar . i1 + . . . + ir



In section 7 we study applications of this theorem to plane and space curves. For almost all genera g there exists a curve with a gd2 (respectively a gd3 ) giving new relations. By new relations we mean that they could not be deduced from the gd10 that the gd2 (respectively the gd3 ) induces and from knowledge of Ig . We list such relations for g ≤ 9 in the table 1 and 2. Do we obtain new algebraic equivalences C(i) = 0? No, because the monomial relations we obtain are B(r, d, g) C(d−2r+1) = 0, where for each dimension r the integer B(r, d, g) is the number of (r − 2) planes which cut the curve (mapped to Pr by the gdr ) in 2r − 2 points. When 1 such a situation arises we can construct (by projection) a gd−2r+2 . In this case, the monomial relation above does not teach us more than Colombo and van Geemen's theorem. We explain it in section 6.



1.4. The rst sections are devoted to the proof of theorem 1. Let Cd be the d-fold symmetric product of the curve C . Choosing an element of Cd provides a morphism ud : Cd −→ JC . Throughout the whole paper, G will design a gdr and Gn the truncated linear system of degree n: this is the set of divisors of Cn we can complete to a divisor of G .



Gn = {D ∈ Cn | ∃ E ∈ Cd−n , D + E ∈ G}



for 1 ≤ n ≤ d



These truncated linear systems may be considered as subvarieties2 of the symmetric products Cn . The scheme structure is described in [ACGH85], paragraph 3 of chapter VIII. They play an 2They have already been used by Kouvidakis in [Kou93] to construct curves in the symmetric product whose



Neron Severi classes are known. Izadi has also used the truncated linear systems in [Iza05] to study how curves deform in Abelian varieties.
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important role in Colombo and van Geemen's proof. The cornerstone of the present note is the generalization of a formula3 they obtained in case r = 1 which expresses the algebraic classes [Gn ] (and especially [G] = [Gd ]) as functions of the diagonals in Cd :



Theorem 2. If C admits a base point free gdr then the following equivalences hold in Ad−r (Cd ) for r ≤ n ≤ d :



[Gn ] =



µ



X 1≤i1 ≤...≤ir



n−



d P



¶³ Y r r X (−1)iu −1 ´ [δi1 ,...,ir + (n − iu )o] iu iu u=1



u=1



where we choose a point o of C and we write δi1 ,...,ir for the generalized diagonals in Cd : δi1 ,...,ir = {i1 x1 + . . . + ir xr | xi ∈ C} We state in section 4 a relation between [Gr ], . . . , [Gn ] for all r ≤ n ≤ d . It enables us to prove theorem 2 by induction in section 5. In section 6, we notice that ud ∗ [Gd ] is zero in A(JC), because Gd is G and ud contracts this projective space onto a point in the Jacobian.



Acknowledgements: This paper is part of my thesis written at the University of Nice SophiaAntipolis, in the Laboratoire Jean Dieudonné. I would like to thank my Ph. D. advisor, Prof. Arnaud Beauville, for his guidance and his constant support. I am grateful to Claire Voisin for much useful advices. It is also a pleasure to thank George Hitching for his help with the English. 2. Brief reminder about Fourier transform and tautological ring. The results recalled here are proven in [Bea83] and [Bea86]. 2.1. We will identify JC and its dual to consider the Fourier transform F : A(JC) → A(JC). It can be dened by the correspondence associated to the exponential of the class of the Poincaré line bundle in A(JC × JC). As F ◦ F = (−1)g (−1)∗ , this is an isomorphism. It exchanges the two products, that is:



F(x.y) = (−1)g F(x) ∗ F(y) and F(x ∗ y) = Fx.Fy 2.2. The decomposition (1) leads to a bigraduation, in the sense that:



Ap(i) .Aq(j) ⊂ Ap+q (i+j) The proof of the existence of the decomposition (1) gives:



FAp(i) = Ag−p+i (i) and so the Pontryagin product is also homogeneous of degree −g respect to the bigraduation :



Ap(i) ∗ Aq(j) ⊂ Ap+q−g (i+j) 2.3. The subspace R is spanned by homogeneous elements for both graduations, so R is bigraded p p and if we note R(i) for the intersection R(i) = R ∩ Ap(i) (JC), we have : M p R= R(i) 0≤p≤g 0≤i≤p



3Proposition (3.4) of [CvG93] states that if G is g 1 , then we have the equality in Ag−1 (JC): d n X (−1)i−1 un∗ [Gn ] = i i=1



Ã



! d n−i



i∗ C
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3. Relations between truncated linear systems Let us consider G a base point free gdr . It induces a nondegenerate morphism4 Φ : C → Pr and truncated linear systems Gn . We will also consider for positive integers r, n the subvariety HPnr ⊂ (Pr )n of n-tuples whose components are contained in a hyperplane:



HPnr = {(yi ) ∈ (Pr )n | ∃H ∈ Pr∗ ∀i yi ∈ H}



(3)



Now we introduce the morphisms ΨP : C k → C n which are dened for integers 0 ≤ k ≤ n and for P an ordered k -partition of {1 . . . n} (this is a partition of {1 . . . n} into k ordered subsets A1 , . . . , Ak ). We set : Ψ(A1 ,...,Ak ) : C k −→ C n x 7−→ y where yi = xj if and only if j is the only integer such that i ∈ Aj . For example, we have Ψ{1,2} : C → C 2 dened by x 7→ (x, x). Besides, Ψ({1,2},{3}) : C 2 → C 3 is dened by (x, y) 7→ (x, x, y). We will also note σk for the addition morphism : σk : C k → Ck . Now we can state the main result of this section:



Theorem 3. We have for each integer n ≥ r the equality in CH(C n ) Φ



n∗



[HPnr ]



n X 1 = k! k=r



X



ΨP ∗ (σk ∗ [Gk ])



P ordered k−partition of {1...n}



We rst state a set theoretic analogue of theorem 3 in 3.2. We conclude in 3.4 when we prove that (Φn )−1 HPnr is reduced. In 3.1 we compute the class of HPnr in CH((Pr )n ). 3.1. One has, by the proposition 8.4 in [Ful83], that (4)



CH(Pr ) =



Q[h] (hr+1 )



where h is the class of a hyperplane of Pr . By proposition 8.3.7 in [Ful83] we have



CH((Pr )n ) '



Q[h1 , . . . , hn ] r+1 (hr+1 1 , . . . , hn )



where hi is the class of an hyperplane in Pr at the position i. Following this isomorphism we can state



Theorem 4. For integers 0 ≤ r ≤ n we have, in CH((Pr )n ), [HPnr ] =



X



I⊂{1,...,n} #I=n−r



³Y



´ ha .



a∈I



I would like to thank Claire Voisin for the following proof.



Proof. Let us consider the incidence variety I = {(x, H) ∈ Pr × Pr∗ | x ∈ H}. Let B be a basis of Cr+1 , and B ∗ the dual basis. Such bases induce systems of coordinates on Pr and r ∗ (P of Pr × Pr∗ , the equation of I is P ) . If ([x0 : . . . : xr ], [a0 : . . . ar ]) represents an element ai xi = 0. So I is a hypersurface of bidegree (1, 1) in Pr × Pr∗ . Now let us consider the variety I = {(x1 , . . . , xn , H) | ∀i ∈ {1 . . . n} xi ∈ H}. 4This amounts to saying that no hyperplane of Pr contains Φ(C).
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⊂ (Pr )n × Pr∗



FF FF FF FF p FF i FF FF FF FF F#



zz zz z z π zzz z z zz zz z z| z



(Pr )n



Pr × Pr∗



The projection pi maps (x1 , . . . , xn , H) onto (xi , T H) while π maps it onto (x1 , . . . , xn ). We have n HPr = π(I), and I is the transverse intersection ni=1 p−1 i (I). Following the isomorphism



CH((Pr )n × Pr∗ ) '



Q[h1 , . . . , hn , h] r+1 r+1 ) (h1 , . . . , hr+1 n ,h



where hi is the class of a hyperplane at position i and h the class of a hyperplane in Pr∗ , we have in CH n ((Pr )n × Pr∗ ) the equality (5)



[I] =



n Y



(hi + h)



.



i=1



Lastly, taking the pushdown π∗ is the same as considering the coecient of hr in the product (5). ¤ 3.2. Here we establish a set theoretic equality.



Theorem 5. For integers 0 ≤ r ≤ n we have (Φn )−1 HPnr =



n [



[



k=r P k−partition of {1...n}



ΨP (σk−1 Gk ).



Proof. Let us prove the inclusion of the left hand side in the right one (the other inclusion is straightforward). Let x be an element of (Φn )−1 HPnr . For integers i, j ∈ {1 . . . n} we will denote i ∼ j if and only if xi = xj for generic x. It denes an equivalence relation, so we deduce a partition P of {1 . . . n}. Let us choose an order : P = (A1 , . . . , Ak ). If α1 , . . . , αk are representatives of these k classes, the components xα1 , . . . , xαk are generically distinct and mapped by Φ into a hyperplane. So (xα1 , . . . , xα1 ) is an element of σk−1 Gk , and x is an element of ΨP (σk−1 Gk ). We thus have : (Φn )−1 HPnr =



n [



[



ΨP (σk −1 Gk )



k=1 P k−partition of {1...n}



But for k < r, we know that k points of Pr always lie in a hyperplane, so Gk = Ck and σk−1 Gk = C k . The theorem follows. [ [ ΨP (C k ) ⊂ ΨP (C r ) P k−partition of {1...n}



P r−partition of {1...n}



¤
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3.3. We regroup in the following theorem the preliminary lemmas we need to prove that (Φn )−1 HPnr is reduced:



Theorem 6. Let Γ be the intersection Φ(C)n ∩ HPnr . We have : a) Γ is pure of dimension r. b) For p = (p1 , . . . , pn ) a generic point of Γ, the space < p1 , . . . , pn > spanned by the components pi is of dimension r − 1. c) For p = (p1 , . . . , pn ) a generic point of Γ, for all i ∈ {1 . . . n} the projective tangent space Tpi Φ(C) cuts the projective space < p1 , . . . , pn > transversally. d) Let V be an irreducible component of Γ. For all i ∈ {1 . . . n}, the projection pi : (Pr )n → Pr is not constant on V . Proof. As Γ is the intersection in (Pr )n of two projective varieties of dimensions nr − n − r and n, its dimension verify dim(Γ) ≥ r. Let us consider the incidence variety I = {(x1 , . . . , xn , H) | ∀i ∈ {1 . . . n} xi ∈ H} and the projections



I



⊂ Φ(C)n × Pr∗



xx xx x x π1 xx x x xx xx x x x| x



Φ(C)n



DD DD DD DD π DD 2 DD DD DD DD !



Pr∗



The curve Φ(C) is nondegenerate, so the ber above a hyperplane H is 0-dimensional. It enables us to bound the dimension of each irreducible component of I by r, and so, of each irreducible component of π1 (I) = Γ. This proves a). The proposition b) is true when r equals 1. When r is greater than 1, let us consider an irreducible component V of I . We can nd r pairwise distinct components on an open set U ⊂ V , otherwise we could bound the dimension of V by r − 1. Now recall the general position theorem as stated in the chapter 3 of [ACGH85].



General position Theorem:



Let C ⊂ Pr , r ≥ 2, be an irreducible nondegenerate possibly singular curve of degree d. Then a general hyperplane meets C in d points, any r of which are linearly independent. Let W ⊂ Pr∗ be the open set whose points correspond to such hyperplanes. Then the r generically distinct components we chose above are linearly independent on the open set U ∩ π2−1 (W ), which proves b). The hyperplanes of U ∩ π2−1 (W ) cut φ(C) transversally because they cut Φ(C) in d points, so c) is proven. To prove d), let us suppose that a component is constant on V , for example the rst of them equals a. We note Pr∗a for the hyperplanes of Pr which contain a, and Ia for the incidence variety Ia = {(a, y2 . . . , yn , H) ∈ {a} × Φ(C)n−1 × Pr∗a | ∀i yi ∈ H}. It admits projections :



Ia ⊂ {a} × Φ(C)n−1 × Pr∗a



q qqq q q q q1 qqqq q q qq qqq q q qx qq



{a} × Φ(C)n−1



II II II II IIq2 II II II II II $



Pr∗a
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The dimension of each irreducible component of Ia is bounded by r − 1, because the ber above a point of Pr∗a is 0-dimensional. As V is the image by q1 of an irreducible component of Ia , its dimension is also bounded by r − 1. ¤ 3.4. What is the tangent space to the variety HPnr at a point p = (p1 , . . . , pn ) of (Pr )n ? As the pi lie in a same hyperplane, we can choose a system of coordinates such that the points pi can be expressed as the columns of the matrix



 1 1  v1 v1n    1   ... . . .    ... ... ...     ... ...    1 n  vr−1 vr−1 0 0 



In a neighbourhood of (p1 , . . . , pn ), the coordinates of a point of (Pr )n are







 1 1  v 1 + ²1 v1n + ²n1  1  1    ... ...     . . . . . . . . .     ...  1 ... 1  n n vr−1 + ²r−1 vr−1 + ²r−1  ²1r ²nr



(6)



It corresponds to a point of HPnr if and only if all (r + 1) × (r + 1) minors of the above matrix vanish. The terms of degree one in ²ij of these minors are the determinants of the following matrix



¯ ¯ 1 ¯ ¯v σ(1) ¯ 1 ¯ ¯ ¯ ¯ ¯ σ(1) ¯vr−1 ¯ σ(1) ¯ ²r



(7)



... ... ... ... ... ... ... ... ... ... ... ... ... ...



¯ ... ... 1 ¯¯ σ(r+1) ¯ . . . . . . v1 ¯ ¯ ¯ ¯ ¯ σ(r+1) ¯ . . . . . . vr−1 ¯ σ(r+1) ¯¯ . . . . . . ²r



for each injective maps σ : {1 . . . r + 1} → {1 . . . n} . So the tangent vectors correspond to the vectors (²ij ) i∈{1...n} of Cnr with conditions on the ²ir+1 : if we choose r + 1 points pσ(1) , . . . , pσ(r+1) j∈{1...r}



among p1 , . . . , pn , the points which correspond to the columns of 7 should lie in a hyperplane. Note that if the points p1 , . . . , pn span a projective space of dimension strictly less than r − 1, this last condition is always satised. So the tangent space Tp HPnr is all of Tp (Pr )n , and p is singular in HPnr .
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Now suppose that these points span a projective space of maximal dimension, for example the rst r are free. For all j ∈ {r + 1 . . . n}, the following determinant vanishes:



¯ ¯ 1 ¯ 1 ¯ v1 ¯ ¯ ¯ ¯ ¯ ¯v 1 ¯ r−1 ¯ ²1 r



... ... ... ... ... ... ... ... ... ... ... ... ... ...



... ...



1 v1r



r . . . vr−1 . . . ²rr



¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ j ¯ vr−1 ¯ ²jr ¯ 1 v1j



So we have a relation between ²1r , . . . , ²rr and ²jr . The coecient before ²jr is not zero, because it is the top left (r − 1) × (r − 1) minor. We can thus determine n − r free relations, so the dimension of the tangent space is less than nr − (n − r). But this is the dimension of HPnr , so the dimensions are equal and p is nonsingular in HPnr . Nonsingular points of HPnr are exactly the points p = (p1 , . . . , pn ) whose components pi span a projective space of dimension r − 1. According to part b) of theorem 6, a generic point of Γ is nonsingular on HPnr . A point (p1 , . . . , pn ) ∈ Φ(C)n is singular if and only if one component pi is singular in Φ(C). By part c) of the theorem 6, a generic point of Γ is nonsingular in Φ(C)n . Now let p be a nonsingular point of Φ(C)n and HPnr . By the computation of the tangent space at HPnr in p, the sum of the tangent spaces in p of the two subvarieties is Tp (Pr )n as soon as for every i ∈ {1 . . . n} the projective tangent space Tpi Φ(C) cut transversely the space spanned by the components pi . This is the case for generic p in Γ by part d) of theorem 6. Now, the morphism Φn : C n → Φ(C)n is a nite morphism. Its ramication locus corresponds to the n-tuple (p1 , . . . , pn ) such that one of the components pi is in the ramication locus of Φ. According to part a) of theorem 6, no irreducible component of Φ(C)n ∩ HPnr is contained in the ramication locus of Φ(C)n . We conclude that the schematic preimage of the intersection is reduced. We can thus deduce theorem 3 from theorem 5. 4. Classes of the truncated linear systems We again consider G , a base point free gdr . We x a divisor D = p1 + . . . + pd of G . We give below the classes of the truncated linear systems [Gk ] and σk∗ [Gk ] in the Chow rings CH g−r (Ck ) and CH g−r (C k ). In the following theorem, the sums are taken - (for the rst one) over the partitions I1 , . . . , Ir of {1, . . . , n} we don't order, except by growing cardinals. So if we note iu the cardinal of Iu , we shall haveSi1 ≤ . . . ≤ ir . For each choice of I1 , . . . , Ir , we note a1 , . . . , an−P iu the elements of {1 . . . n} \ Ik we order from the smallest to the largest.



P - the n − iu distinct points o1 , . . . , on−P iu chosen in the support of the divisor D. These points are considered ordered in the sum i) and unordered in the sum ii).
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Theorem 7. If C admits G a base point free gdr we have the following equalities in CH g−r (C n )



and CH g−r (Cn ) respectively : i)



r ³Y



X



σn∗ [Gn ] =



u=1



I1 ,...,Ir ⊂{1...n} o1 ,...,on−P iu distinct



ii)



X



[Gn ] =



´ {a P } (−1)iu −1 (iu − 1)! [ ∆I1 . . . ∆Ir Oo{a1 1 } . . . Oon−n−P iuiu ]



1≤i1 ≤...≤ir o1 ,...,on−P iu distinct



r ³Y (−1)iu −1 ´ [ δi1 ,...,ir + o1 + . . . + on−P iu ] iu u=1



4.1. We will prove in this subsection that the second proposition is a consequence of the rst one. P {a } {a } Let us write s for n − iu . The image by σn of a generalized diagonal ∆I1 . . . ∆Ir Oo1 1 . . . Oos s is δi1 ,...,ir +o1 +. . .+os . When the cardinals il are pairwise distinct we nd above a generic point of δi1 ,...,ir +o1 +. . .+os one preimage by σn . Else, note d1 , . . . dt the integers such that i1 = . . . = id1 , id1 6= id1 +1 , id1 +1 = . . . = id1 +d2 , id1 +d2 6= id1 +d2 +1 , . . . , id1 +...+dt−1 +1 = . . . = id1 +...+dt . Let x be a generic point of δi1 ,...,ir + o1 + . . . + os . If d1 elements x1 , . . . xd1 appear with multiplicity i1 = . . . = id1 , there are d1 ! ways to associate them with the d1 sets I1 , . . . Id1 . We then count {a } {a } d1 ! . . . dt ! antecedents of x by σn in ∆I1 . . . ∆Ir Oo1 1 . . . Oos s , so



σn∗ [∆I1 . . . ∆Ir Oo{a1 1 } . . . Oo{as s } ] = d1 ! . . . dt ! [δi1 ,...,ir + o1 + . . . + os ]. {a }



{a }



Let us count the diagonals ∆I1 . . . ∆Ir Oo1 1 . . . Oos s that σn map to δi1 ,...,ir + o1 + . . . + os . Let us count the ways to partition {1 . . . n} in d1 sets with i1 elements, . . . , dr sets with ir elements and one pointed set with (n − (i1 + . . . + ir )) elements. We nd µ ¶ d 1 such ways, that is d1 ! . . . dr ! i1 , i2 , . . . , ir , n − s



1 d! d1 ! . . . dt ! i1 ! . . . ir !(n − s)! such ways. At last, there exist (n − s)! ways to permute the n − s points of D we have chosen, because for each permutation τ of Sn−s we have ¡ ¢ σn ∆I1 . . . ∆Ir Oo{aτ.11 } . . . Oo{aτ.ss } = δi1 ,...,ir + o1 + . . . + os . The morphism σn is degree n! and we conclude with the pullback-pushdown formula:



σn ∗ ◦ σn ∗ = deg(σn ).IdCH(Cn ) . 4.2. We know that Gr = Cr and σr−1 Gr = C r . We deduce that σr∗ [Gr ] = [C r ]. This is the theorem 7 for n = r. Suppose that theorem 7 is proven for n ≤ m − 1. By theorem 3 we have (8)



m∗



[Gm ] = Φ



[HPmr ]



−



m−1 X k=1



1 k!



X P ordered k−partition of {1...m}



and theorem 4 gives the class of HPmr in CH((Pr )m ) ³Y ´ X [HPmr ] = ha I⊂{1,...,m} #I=m−r



a∈I



ΨP ∗ (σk ∗ [Gk ])
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The divisor D = p1 + . . . + pd is dened as the pullback of the classe of an hyperplane of Pr . So we can write X (9) Φm∗ [HPmr ] = Oo{a1 1 } . . . Oo{ar r } . o1 ,...,om−r ∈{p1 ,...,pd } 1≤a1 
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