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Chapter 4 Methods for Interpolation and Numerical Differentiation



4.1 Concepts of Interpolation Next we study three types of one-dimensional interpolation: polynomial, piecewise linear, and cubic spline. The MATLAB functions implementing these methods are discussed along with some additional software developed by the authors to differentiate and integrate splines. A simple discussion of cubic spline interpolation formulated from the viewpoint of elastic beam ßexure is given. The chapter concludes with a program to compute Þnite difference formulas for derivatives of general order. Interpolation is a process whereby a function is approximated using data known at a discrete set of points. Typically we have points (x i , yi ) arranged such that xi < xi+1 . These points are to be connected by a continuous interpolation function inßuenced by smoothness requirements such as: a) the function should not deviate greatly from the data at points lying between the data values; and b) the function should satisfy a differentiability condition such as continuity of Þrst and second derivatives. Piecewise linear interpolation simply connects successive points by straight lines. This has the disadvantage of producing a function with piecewise constant slope and Þnite slope discontinuities. An obvious cure for slope discontinuity is to use a curve such as a polynomial of degree n-1 (through n points) to produce an interpolation function having all derivatives continuous. However, it was seen in Section 2.3 that a polynomial passing exactly through the data points may be highly irregular at intermediate values. Using polynomial interpolations higher than order Þve or six often produces disappointing results. An excellent alternative to allowing either slope discontinuities or demanding slope continuity of all orders is to use cubic spline interpolation. This method connects successive points by cubic curves joined such that function continuity as well as continuity of the Þrst two function derivatives is achieved. The MATLAB function polyÞt(xd,yd,n) can be used to obtain coefÞcients in a polynomial of degree n which either passes through points in data vectors (xd,yd) or Þts the data in the least square sense. Since a polynomial of degree n-1 can pass through n data points, the computation c=polyÞt(xd,yd,length(xd)-1) would produce coefÞcients in a polynomial passing through the data values. Evaluating the polyno-
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mial for an array argument x is accomplished by y=polyval(c,x). Combining the two operations gives y=polyval(polyÞt(xd,yd,length(xd)-1),x). If the chosen polynomial order is less than length(xd)-1, then a polynomial Þtting the data in the least square sense is produced. For example, a polynomial of order 4 might be Þtted to several hundred points. Of course, how well the least square polynomial actually Þts the data should be assessed by examining a plot of the curve and the data. MATLAB also has various utility functions to work with polynomials such as polyder, polyint, conv, and deconv which differentiate, integrate, multiply, and divide. Function interp1(xd,yd,x,’method’,’extrap’) is a general purpose interpolation function providing several types of interpolation including linear and spline. The default value for ‘method’ is ‘linear’, If the ‘extrap’ parameter is omitted, then a value of NaN (not a number) is returned for any input argument not lying between min(xd) and max(xd). Otherwise, extrapolation is performed using the interpolation functions for the outermost intervals. Readers should be cautious about extrapolating far outside the known data range, because this often leads to unreasonable results. Engineering applications often use idealized functions which are piecewise linear and have Þnite jump discontinuities. Since function interp1 rejects cases where any successive values in the xd vector are equal, we remedy this situation with function lintrp(xd,yd,x) to search xd for any repeated values and separate these values by a small fraction of max(xd)-min(xd). Then interp1 is used to perform the interpolation as indicated below. Function lintrp



1: 2: 3: 4: 5: 6: 7: 8: 9: 10: 11: 12: 13: 14: 15: 16: 17: 18: 19:



function y=lintrp(xd,yd,x) % % y=lintrp(xd,yd,x) % ~~~~~~~~~~~~~~~~~ % This function performs piecewise linear % interpolation through data values stored in % xd, yd, where xd values are arranged in % nondecreasing order. The function can handle % discontinuous functions specified when some % successive values in xd are equal. Then the % repeated xd values are shifted by a small % amount to remove the discontinuities. % Interpolation for any points outside the range % of xd is also performed by continuing the line % segments through the outermost data pairs. % % xd,yd - vectors of interpolation data values % x - matrix of values where interpolated % values are required
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20: 21:



% % y



- matrix of interpolated values



22: 23: 24: 25: 26: 27:



k=find(diff(xd)==0); if length(k)~=0 xd(k+1)=xd(k+1)+(xd(end)-xd(1))*1e3*eps; end y=interp1(xd,yd,x,’linear’,’extrap’);



4.2 Interpolation, Differentiation, and Integration by Cubic Splines Cubic spline interpolation is a versatile method to pass a smooth curve through a sequence of data points. The technique connects the data values with a curve having its third derivative piecewise constant. The curve is piecewise cubic with y(x), y’(x) and y”(x) continuous over the whole data range. The MathWorks markets a Spline Toolbox providing extensive capabilities to work with spline functions. A few functions from that toolbox are included in standard MATLAB. The intrinsic functions spline, ppval, mkpp, and unmkpp are extended here to handle differentiation and integration. Spline interpolation, viewed from Euler beam theory, is also discussed to amplify on the basic ideas. This simple formulation easily accommodates various end conditions. Readers wanting more detail on spline theory will Þnd the books by de Boor [27] and by Ahlberg and Nilson [2] to be helpful. Cubic spline theory is motivated by a mechanical drafting tool consisting of a ßexible strip bent over several supports with heights adjustable to Þt given data. Euler beam theory [9] shows that the deßection curve has third derivative values which are constant between successive supports. This implies that the curve is piecewise cubic and the third derivative values (relating to internal shear forces in beam analysis) can be determined to make the support deßections have chosen values. This is the basis of cubic spline interpolation. The method is attractive because the  interpolation function y(x) is obtainable analytically as well as y  (x), y  (x) and y(x)dx. Let us formulate the problem mathematically by taking a piecewise constant form for y  (x) and integrating this repeatedly to get y(x). We assume data points (x i , yi ), 1 ≤ i ≤ n with xi < xi+1 . Each successive data pair can be connected by a cubic curve with y  (x) and y  (x) required to be continuous at all interior data points. If values of y  (x) or y  (x) are known at the curve ends, algebraic conditions to impose those values can be written. Using known values of end slope is appropriate, but specifying good second derivative values when end slopes are not known is usually not obvious. As an alternative, it is customary to apply smoothness conditions requiring continuity of y  (x2 ) and y  (xn−1 ). Books on spline theory [7, 2] refer to imposition of higher order continuity at interior points as ”not-a-knot” conditions.
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The piecewise constant third derivative of the interpolation function is described as y  (x) =



n−1 



cj < x − xj >0



j=1



where cj are constants to be determined, and the singularity function < x − a >n = (x − a)n (x > a) is used. This formula for y  (x) is easy to integrate, and making the curve pass through the data points is straightforward. It follows that 



y  (x) = y1 +



n−1 



cj < x − xj >1 ,



j=1 







y  (x) = y1 + y1 (x − x1 ) +



n−1 1 cj < x − xj >2 , 2 j=1



n−1  1  1 y(x) = y1 + y1 (x − x1 ) + y1 (x − x1 )2 + cj < x − xj >3 , 2 6 j=1



x



1  1  y(x)dx = y1 (x − x1 ) + y1 (x − x1 )2 + y1 (x − x1 )3 2 6



x1



+



n−1 1  cj < x − xj >4 . 24 j=1



The interpolation function automatically goes through the Þrst data point, and the remaining constants are required to satisfy n−1  1  1 yi − y1 = y1 (xi − x1 ) + y1 (xi − x1 )2 + cj < xi − xj >3 , i = 2, 3, . . . , n. 2 6 j=1



Since n + 1 unknowns are present in the above system, two more end conditions must be included. Five familiar combinations of end conditions include: 1) the ”nota-knot” condition applied at each end; 2) the slope given at each end; 3) the slope given at the left end and the ”not-a-knot” condition at the right end; 4) the ”not-aknot” condition at the left end and the slope given at the right end; and 5) a periodic spline is created by making the Þrst and last points have the same values of y, y  , and y  . Spline interpolation involves solution of linear simultaneous equations. A desktop computer solves a system of 200 equations in less than 0.03 seconds; so, the equation solving time is modest unless many points are used. The formulation described above is easy to understand, handles general end conditions, and includes interpolation,
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differentiation, and integration. It was implemented in two general purpose functions spterp and spcof used below with function curvprop to compute the length and area bounded by a spline curve. Another function splineg using intrinsic function spline is also discussed at the end of the present article. The spline routines provided here are helpful additions for work with splines since they include spline differentiation and integration which do not come in the standard MATLAB package.



4.2.1 Computing the Length and Area Bounded by a Curve The ideas just described were implemented in functions spterp and spcof which are called in the following program curvprop. This program computes the length of a spline curve and the area bounded by the curve. The length of a curve parameterized in complex form as z(t) = x(t) + i y(t), a ≤ t ≤ b can be computed as



 length =



b



abs(z  (t)) dt.



a



Furthermore, when the the curve is closed and is traversed in a counterclockwise direction, the area is given by  1 b imag(conj(z(t)) z  (t)) dt. area = 2 a The curve length is meaningful for an open or closed curve, but the bounded area only makes sense for a closed curve. The next chapter discusses area properties for shapes bounded by several spline curves. Our present example assumes a simple geometry. It is worth mentioning that applying the last integral to an open curve gives the area enclosed within the curve combined with a line from the last point to the origin and a line from the origin to the Þrst point. This fact is clariÞed in the next chapter which treats general areas bounded by several spline curves. The following program curvprop passes a spline curve through data in vectors x,y. The length, bounded area, and a set of data points on the curve are computed. The curve is assumed to have a smoothly turning tangent. The default data example uses points on an ellipse with semi-diameters of two and one. Readers can verify that approximating the ellipse with a 21 point spline curve gives an area approximation accurate within 0.0055 percent and a boundary length accurate within 0.0068 percent. Of course, better accuracy is achievable with more data points.



4.2.2 Example: Length and Enclosed Area for a Spline Curve Function curvprop



1:



function [area,leng,X,Y,closed]=curvprop(x,y,doplot)
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2: 3: 4: 5: 6: 7: 8: 9: 10: 11: 12: 13: 14: 15: 16: 17: 18: 19: 20: 21: 22: 23: 24: 25: 26: 27:



% % % % % % % % % % % % % % % % % % % % % % % % % %



[area,leng,X,Y,closed]=curvprop(x,y,doplot) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ This function passes a cubic spline curve through a set of data values and computes the enclosed area, the curve length, and a set of points on the curve. x,y - data vectors defining the curve. doplot - plot the curve if a value is input for doplot. Otherwise, no plot is made. area - the enclosed area is computed. This parameter is valid only if the curve is closed and the boundary is traversed in counterclockwise. For a curve, the area agrees with a curve closed using a line from the last point to the origin, and a line from the origin to the first point. leng - length of the curve X,Y - set of points on the curve. The output intersperses three points on each segment between the starting data values. closed - equals one for a closed curve. Equals zero for an open curve.



28: 29: 30: 31: 32: 33: 34:



% For default test data, choose an ellipse with % semi-diameters of 2 and 1. if nargin==0 m=21; th=linspace(0,2*pi,m); x=2*cos(th); y=sin(th); x(m)=2; y(m)=0; end



35: 36: 37: 38:



% Use complex data coordinates z=x(:)+i*y(:); n=length(z); t=(1:n)’; chord=sum(abs(diff(z))); d=abs(z(n)-z(1));



39: 40: 41: 42: 43:



% Use a periodic spline if the curve is closed if d < (chord/1e6) closed=1; z(n)=z(1); endc=5; zp=spterp(t,z,1,t,endc);



44: 45: 46:



% Use the not-a-knot end condition for open curve else
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47: 48:



closed=0; endc=1; zp=spterp(t,z,1,t,endc); end



49: 50: 51: 52: 53: 54: 55: 56: 57: 58: 59: 60:



% Compute length and area % plot(abs(zp)),shg,pause leng=spterp(t,abs(zp),3,n,1); area=spterp(t,1/2*imag(conj(z).*zp),3,n,1); Z=spterp(t,z,0,1:1/4:n,endc); X=real(Z); Y=imag(Z); if nargin>2 plot(X,Y,’-’,x,y,’.’), axis equal xlabel(’x axis’), ylabel(’y axis’) title(’SPLINE CURVE’), shg end



61: 62:



%============================================



63: 64: 65: 66: 67: 68: 69: 70: 71: 72: 73: 74: 75: 76: 77: 78: 79: 80: 81: 82: 83: 84: 85: 86: 87: 88: 89: 90: 91:



function [v,c]=spterp(xd,yd,id,x,endv,c) % % [v,c]=spterp(xd,yd,id,x,endv,c) % ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ % % This function performs cubic spline interpo% lation. Values of y(x),y’(x),y’’(x) or the % integral(y(t)*dt, xd(1)..x) are obtained. % Five types of end conditions are provided. % % xd, yd - data vectors with xd arranged in % ascending order. % id - id equals 0,1,2,3 to compute y(x), % y’(x), integral(y(t)*dt,t=xd(1)..x), % respectively. % v - values of the function, first deriva% tive, second derivative, or integral % from xd(1) to x % c - the coefficients defining the spline % curve. If these values are input from % an earlier computation, then they % are not recomputed. % endv - vector giving the end conditions in % one of the following five forms: % endv=1 or endv omitted makes % c(2) and c(n-1) zero % endv=[2,left_end_slope,... % right_end_slope] to impose slope
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92: 93: 94: 95: 96: 97: 98: 99: 100:



% % % % % % % % %



values at each end endv=[3,left_end_slope] imposes the left end slope value and makes c(n-1) zero endv=[4,right_end_slope] imposes the right end slope value and makes c(2) zero endv=5 defines a periodic spline by making y,y’,y" match at both ends



101: 102: 103:



if nargin 0,1,2,3,4 The formula for a derivative of order 3 is: F(x,k)=sum(c(j)*F(X(j),j=1:n)/hˆ3+order(hˆ2) where c is given by: -2.5000



9.0000



-12.0000



7.0000



-1.5000



and the truncation error coefficients are: -1.7500



-2.5000



-2.1417



-1.3750



Input the derivative order (give 0 to stop, or ? for an explanation) > 0 Program Þnitdif



1: 2: 3: 4: 5: 6: 7: 8: 9:



function [c,e,m,crat,k,a]=finitdif(k,a) % % [c,e,m,crat,k,a]=finitdif(k,a) % ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ % This program computes finite difference formulas of % general order. For explanation of the input and % output parameters, see the following function % findifco. When the program is executed without input % arguments, then input is read interactively.



10: 11: 12: 13: 14: 15: 16: 17: 18: 19:



if nargin==0, disp(’ ’) % Use interactive input disp(’COMPUTING F(x,k), THE K’’TH DERIVATIVE OF’) disp(’f(x), BY FINITE DIFFERENCE APPROXIMATION’) disp(’ ’) while 1 disp(’Input the derivative order (give 0 to stop,’) K=input(’or ? for an explanation) > ’,’s’); k=str2num(K); if strcmp(K,’’) | strcmp(K,’0’); disp(’ ’),return
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20: 21: 22: 23: 24: 25: 26: 27: 28: 29: 30: 31: 32: 33: 34: 35: 36: 37: 38: 39: 40: 41: 42: 43: 44: 45: 46: 47: 48: 49: 50: 51: 52: 53: 54: 55: 56: 57: 58: 59: 60:



elseif strcmp(K,’?’) disp(’ ’), disp(... ’Let f(x) have its k’’th derivative denoted by’) disp(... ’F(k,x). The finite difference formula for a’) disp(’stepsize h is given by:’), disp(’ ’) disp(... ’F(x,k)=Sum(c(j)*f(x+a(j)*h), j=1:n)/h^k +...’) disp(’ TruncationError’), disp(’ ’) disp(’with m=n-k being the order of truncation’) disp(... ’error which decreases like h^m according to:’) disp(’ ’) disp(’TruncationError=-(h^m)*(e(1)*F(x,n)+...’) disp(... ’e(2)*F(x,n+1)*h+e(3)*F(x,n+2)*h^2+O(h^3))’) disp(’ ’) else disp(’ ’) m=input(’Give the required truncation order > ’); n=m+k; N=num2str(n); disp(’ ’), disp(... ’To define interpolation points X(j)=x+h*a(j),’) disp([’input at least ’,N,... ’ components for vector a.’]) disp(’ ’), aa=input(’Components of a > ’,’s’); a=eval([’[’,aa,’]’]); n=length(a); m=n-k; [c,e,m,crat]=findifco(k,a); disp(’ ’), disp(... [’The formula for a derivative of order ’,... K,’ is:’]) disp([’F(x,k)=sum(c(j)*F(X(j),j=1:n)/h^’,K,... ’+order(h^’,num2str(m),’)’]) disp(’where c is given by:’) disp(’ ’), disp(c), disp(’ ’) disp(... ’and the truncation error coefficients are:’) disp(’ ’), disp(e) end end else [c,e,m,crat]=findifco(k,a); end



61: 62:



%==================================================



63: 64:



function [c,e,m,crat]=findifco(k,a)



© 2003 by CRC Press LLC



65: 66: 67: 68: 69: 70: 71: 72: 73: 74: 75: 76: 77: 78: 79: 80: 81: 82: 83: 84: 85: 86: 87: 88: 89: 90: 91: 92: 93: 94:



% % % % % % % % % % % % % % % % % % % % % % % % % % % % % %



[c,e,m,crat]=findifco(k,a) ~~~~~~~~~~~~~~~~~~~~~~~~~ This function approximates the k’th derivative of a function using function values at n interpolation points. Let f(x) be a general function having its k’th derivative denoted by F(x,k). The finite difference approximation for the k’th derivative employing a stepsize h is given by: F(x,k)=Sum(c(j)*f(x+a(j)*h), j=1:n)/h^k + TruncationError with m=n-k being the order of truncation error which decreases like h^m and TruncationError=(h^m)*(e(1)*F(x,n)+... e(2)*F(x,n+1)*h+e(3)*F(x,n+2)*h^2+O(h^3)) a



- a vector of length n defining the interpolation points x+a(j)*h where x is an arbitrary parameter point k - order of derivative evaluated at x c - the weighting coeffients in the difference formula above. c(j) is the multiplier for value f(x+a(j)*h) e - error component vector in the above difference formula m - order of truncation order in the formula. The relation m=n-k applies. crat - a matrix of integers such that c is approximated by crat(1,:)./crat(2,:)



95: 96: 97: 98: 99: 100:



a=a(:); n=length(a); m=n-k; mat=ones(n,n+4); for j=2:n+4; mat(:,j)=a/(j-1).*mat(:,j-1); end A=pinv(mat(:,1:n)); ec=-A*mat(:,n+1:n+4); c=A(k+1,:); e=-ec(k+1,:); [ctop,cbot]=rat(c,1e-8); crat=[ctop(:)’;cbot(:)’];



© 2003 by CRC Press LLC



























des documents recommandant













Advanced Mathematics and Mechanics Applications Using 

ate engineering courses. However, simple analyses presented in standard ..... 72: N1=36; N2=72; N3=36;. 73: x1=linspace( 0, 36,N1); y1=(x1-h1).^2/a+k;. 74:.










 








Advanced Mathematics and Mechanics Applications Using ... .fr 

Numerical integration methods approximate a definite integral by evaluating the integrand at several points and taking a weighted combination of those ...










 








Advanced Mathematics and Mechanics Applications Using ... .fr 

The mass matrix, M, the damping matrix, C, and the stiffness matrix,. K, are all real. ..... A more accurate formula with truncation error of order h. 5 can be ...










 








Advanced Mathematics and Mechanics Applications Using 

LAB using a spline. finitdif. 4. Program to .... static equilibrium of a loaded cable. brachist. 13. Program to ...... Simulation, 52(4):141 149, 1989. [17] B. Char, K.










 








Advanced Mathematics and Mechanics Applications Using 

where the superscript d indicates a finite difference result. The ratio of the ...... Consequently for Cases III and IV the governing equation is. EIm (x) + Pm(x)=0.










 








Advanced Mathematics and Mechanics Applications Using 

to such problems is known as linear programming [41] and applications ..... able linear equations, the general situation yields nonlinear equations, and a min4 ...... An elementary way to analyze the proximity of two surfaces is to describe each.










 








Advanced Mathematics and Mechanics Applications Using ... .fr 

The Cauchy integral formula provides a simple means for computing F(z) at interior ..... function is easy to invert by solving a quadratic equation to give Î¶ = z +. âˆš.










 








Advanced Mathematics and Mechanics Applications Using ... .fr 

The physical applications vary widely from solution of linear and nonlinear ... 1.2 MATLAB Commands and Related Reference Materials. MATLAB ... The manual for The Student Edition of MATLAB should be read thoroughly and kept handy for ...










 








Advanced Mathematics and Mechanics Applications Using MATLAB 

be comprehended without studying the details of the mathematical derivation. For our present interests it ...... 28: nft=1024; ngph=1001; nmax=int2str(nft/2-1);. 29:.










 








Advanced Mathematics and Mechanics Applications Using 

assume responsibility for the validity of all materials or for the consequences of their ... Our MATLAB solutions consume over three hundred pages (over twelve ...










 








Advanced Mathematics and Mechanics Applications Using 

fact, good engineering analysis depends critically on development of reliable mod4 els which can ... alyzing engineering systems. ..... 25: n1=ncal; ncal=0;. 26:.










 








Advanced Mathematics and Mechanics Applications Using 

Solutions to such problems are seldom obtainable in a closed finite form. Even when ... struct a solution for boundary values represented by piecewise linear interpolation. Surface ...... beamresp converts material property data to dimension4.










 








Advanced Mathematics and Mechanics Applications Using ... .fr 

rest with zero deection when forcing functions are applied which nearly resonate with the fourth eigenvalue of the damped homogeneous system. This example ...










 








Advanced Mathematics and Mechanics Applications Using MATLAB 

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are .... ingly attractive to the entire technical community.










 








Mathematics, Computer Science and Mechanics faculties of 

resource (person, event-types), email notification, Html month/week/day view â€¦ ... to export them into a PDF/Html file is practical since the card can be sent via ...










 








Applications in Fluid Mechanics 

In a one-dimensional case, the velocity gradient and Newton's law of vis- ... is not necessarily as straightforward as in heat transfer and (as shown in Chap-.










 








Quantum Key Distribution Protocols and Applications - Mathematics 

8 mars 2011 - Security at Royal Holloway, University of London. ...... So, it is the very act of observation that destroys the wave function and determines the.










 








Advanced Operating Systems and Kernel Applications 

One of existing most effective solutions to ameliorate the bottleÂ¬neck is ..... principles, if instructions or data have been loaded into the ..... against software engineering rules. A code ..... derstanding the Linux Kernel (2nd Ed). ...... exampl










 








Applications in Solid Mechanics - Description 

a single coordinate axis is required to define the element reference frame, hence, the stiffness ... In the shear stress-strain relation, the shear modulus G = E/2(1 + ) has been introduced. ... potential energy in following developments. ... where [










 








Using Advanced Tape Services 

This document contains information which is protected by copyright. All rights are reserved. ... product and replacement parts can be obtained from your local Sales and. Service Office. ..... Description: Tape library systems group. Type: .... NODE_N










 








MATHEMATICS MM03 Unit Mechanics 3 - Douis.net 

Jun 11, 2007 - eed of (2.38) Speed of (0.6) collides again with. B. A. B. A. âˆ´. X. M1A1. M1. A1 m1. A1F. M1. A1F. E1. 6. 3. For both (1) and (2). Dependent on ...










 








MATHEMATICS MM03 Unit Mechanics 3 - Douis.net 

Jun 11, 2007 - Use blue or black ink or ball-point pen. Pencil should only be used for drawing. â€¢. Write the information required on the front of your answer ...










 








MATHEMATICS MM03 Unit Mechanics 3 - Douis.net 

Jun 21, 2006 - (a) Show that x and y satisfy the equation ... Using the equation given in part (a), find the horizontal .... simplified quadratic equation in e only. 1.










 








Journal of Applied Mathematics and Mechanics Identification ... .fr 

A special antisymmetric 4 Ã— 4 matrix form of the equation of motion of a rigid body is proposed. .... from which the positiveness of the associated quadratic form.










 














×
Report Advanced Mathematics and Mechanics Applications Using





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Signe






Email




Mot de passe







 Se souvenir de moi

Vous avez oublié votre mot de passe?




Signe




 Connexion avec Facebook












 

Information

	A propos de nous
	Règles de confidentialité
	TERMES ET CONDITIONS
	AIDE
	DROIT D'AUTEUR
	CONTACT
	Cookie Policy





Droit d'auteur © 2024 P.PDFHALL.COM. Tous droits réservés.








MON COMPTE



	
Ajouter le document

	
de gestion des documents

	
Ajouter le document

	
Signe









BULLETIN



















Follow us

	

Facebook


	

Twitter



















Our partners will collect data and use cookies for ad personalization and measurement. Learn how we and our ad partner Google, collect and use data. Agree & Close



