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Chapter 10 Eigenvalue Problems and Applications



10.1 Introduction Eigenvalue problems occur often in mechanics, especially linear system dynamics, and elastic stability. Usually nontrivial solutions are sought for homogeneous systems of differential equations. For a few simple systems like the elastic string, or a rectangular membrane, the eigenvalues and eigenfunctions can be determined exactly. More often, some discretization methods such as Þnite difference or Þnite element methods are employed to reduce the system to a linear algebraic form which is numerically solvable. Several eigenvalue problems analyzed in earlier chapters reduced easily to algebraic form where the function eig could immediately produce the desired results. The present chapter deals with several instances where reduction to eigenvalue problems is more involved. We will also make some comparisons of exact, Þnite difference, and Þnite element analyses. Among the physical systems studied are Euler beams and columns, two-dimensional trusses, and elliptical membranes.



10.2 Approximation Accuracy in a Simple Eigenvalue Problem One of the simplest but useful eigenvalue problems concerns determining nontrivial solutions of y  (x) + λ2 y(x) = 0, y(0) = y(1) = 0. The eigenvalues and eigenfunctions are yn = sin(nπx), 0 ≤ x ≤ 1, where λn = nπ, n = 1, 2, 3, . . . It is instructive to examine the answers obtained for this problem using Þnite differences and spline approximations. We introduce a set of node points deÞned by xj = j∆, j = 0, 1, 2, . . . , N + 1, ∆ = 1/(N + 1).
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Then a Þnite difference description for the differential equation and boundary conditions is yj−1 − 2yj + yj+1 + ω 2 yj = 0, 1 ≤ j ≤ N, y0 = yN +1 = 0, ω = ∆λ. Solving the linear difference equation gives  λdn



πn 2(N + 1)







= 2(N + 1) sin , n = 1, . . . , N,   πjn yjd = sin , n = 1, . . . , N , j = 0, . . . , N + 1 N +1 where the superscript d indicates a Þnite difference result. The ratio of the approximate eigenvalues to the exact eigenvalues is  λdn / λn = sin



πn 2(N + 1)







 /



πn 2(N + 1)



 .



So, for large enough M, we get λ d1 / λ1 = 1 and λdN / λN = π2 ≈ 0.63. The smallest eigenvalue is quite accurate, but the largest eigenvalue is too low by about thirty-seven percent. This implies that the Þnite difference method is not very good for computing high order eigenvalues. For instance, to get λ d100 / λ100 = 0.999 requires a rather high value of N = 2027. An alternate approach to the Þnite difference method is to use a series representation N  y(x) = fk (x) ck k=1



where the fk (x) vanish at the end points. We then seek a least-squares approximate solution imposing N 



fk (ξj )ck + λ2



k=1



N 



fk (ξj ) ck = 0



k=1



for a set of collocation points ξ j , j = 1 . . . M with M taken much larger than N . With the matrix form of the last equation denoted as B C + λ 2 A C = 0, we make the error orthogonal to the columns of matrix A and get the resulting eigenvalue problem (A\B) C + λ2 C = 0 employing the generalized inverse of A. A short program eigverr written to compare the accuracy of the Þnite difference and the spline algorithms produced Figure 10.1. The program is also listed. The spline approximation method gives quite accurate results, particularly if no more than half of the computed eigenvalues are used.
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COMPARING TWO METHODS FOR EIGENVALUES OF Y"(X)+W2*Y(X)=0, Y(0)=Y(1)=0 10 5 0



Percent Error



−5 −10 −15 −20 −25 −30 −35 Using 100 cubic splines and 504 least square points Using 100 finite differences points −40
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Figure 10.1: Comparing an eigenvalue computation using the least squares method and a second order Þnite differences method
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Program eigverr



1: 2: 3: 4: 5: 6: 7: 8: 9: 10: 11: 12: 13: 14: 15: 16:



function eigverr(nfd,nspl,kseg) % eigverr(nfd,nspl,kseg) % This function compares two methods of computing % eigenvalues corresponding to % % y"(x)+w^2*y(x)=0, y(0)=y(1)=0. % % Results are obtained using 1) finite differences % and 2) cubic splines. % % nfd - number of interior points used for the % finite difference equations % nspl - number of interior points used for the % spline functions. % kseg - the number of interior spline points is % kseg*(nspl+1)+nspl



17: 18: 19: 20: 21: 22: 23: 24: 25: 26: 27: 28: 29: 30:



if nargin==0, nfd=100; nspl=100; kseg=4; end [ws,es]=spleig(nspl,kseg); [wd,ed]=findieig(nfd); str=[’COMPARING TWO METHODS FOR EIGENVALUES ’,... ’OF Y"(X)+W^2*Y(X)=0, Y(0)=Y(1)=0’]; plot(1:nspl,es,’k-’,1:nfd,ed,’k.’) title(str), xlabel(’Eigenvalue Index’) ylabel(’Percent Error’), Nfd=num2str(nfd); Ns=num2str(nspl); M=num2str(nspl+(nspl+1)*kseg); legend([’Using ’,Ns,’ cubic splines and ’,... M,’ least square points’],... [’Using ’,Nfd,’ finite differences points’],3) grid on, shg % print -deps eigverr



31: 32:



%==========================================



33: 34: 35: 36: 37: 38: 39: 40: 41:



function [w,pcterr]=findieig(n) % [w,pcterr]=findieig(n) % This function determines eigenvalues of % y’’(x)+w^2*y(x)=0, y(0)=y(1)=0 % The solution uses an n point finite % difference approximation if nargin==0, n=100; end a=2*eye(n,n)-diag(ones(n-1,1),1)...
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42: 43: 44:



-diag(ones(n-1,1),-1); w=(n+1)*sqrt(sort(eig(a))); we=pi*(1:n)’; pcterr=100*(w-we)./we;



45: 46:



%==========================================



47: 48: 49: 50: 51: 52: 53:



function [w,pcterr]=spleig(n,nseg) % [w,pcterr]=spleig(n,nseg) % This function determines eigenvalues of % y’’(x)+w^2*y(x)=0, y(0)=y(1)=0 % The solution uses n spline basis functions % and nseg*(n+1)+n least square points



54: 55: 56: 57: 58: 59: 60: 61: 62: 63:



if nargin==0, n=100; nseg=1; end nls=(n+1)*nseg+n; xls=(1:nls)’/(nls+1); a=zeros(nls,n); b=a; for k=1:n a(:,k)=splnf(k,n,1,xls,2); b(:,k)=splnf(k,n,1,xls); end w=sqrt(sort(eig(-b\a))); we=pi*(1:n)’; pcterr=100*(w-we)./we;



64: 65:



%==========================================



66: 67: 68: 69: 70: 71: 72: 73: 74: 75:



function y=splnf(n,N,len,x,ideriv) % y=splnf(n,N,len,x,ideriv) % This function computes the spline basis % functions and derivatives xd=len/(N+1)*(0:N+1)’; yd=zeros(N+2,1); yd(n+1)=1; if nargin? ’,’s’); nmode=eval([’[’,str,’]’]); nmode=nmode(find(nmode ’); if rem(n,2) ~= 0, n=n+1; end



28: 29: 30: 31:



% Exact frequencies from solution of % the frequency equation wex = cbfrqnwm(n,1e-12);



32:
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33: 34: 35:



% Frequencies for the finite % difference solution wfd = cbfrqfdm(n);



36: 37: 38: 39: 40: 41: 42:



% Frequencies, modal vectors, mass matrix, % and stiffness matrix from the finite % element solution. nelts=n/2; [wfe,mv,mm,kk] = cbfrqfem(nelts); pefdm=(wfd-wex)./(.01*wex); pefem=(wfe-wex)./(.01*wex);



43: 44: 45: 46: 47: 48: 49: 50: 51: 52: 53: 54: 55: 56: 57: 58: 59: 60: 61: 62: 63: 64: 65: 66: 67: 68: 69: 70: 71: 72: 73: 74:



nlines=17; nloop=round(n/nlines); v=[(1:n)’,wex,wfd,pefdm,wfe,pefem]; disp(’ ’), lo=1; t1=[’ freq. exact. fdif.’ ... ’ fd. pct.’]; t1=[t1,’ felt. fe. pct.’]; t2=[’number freq. freq.’ ... ’ error ’]; t2=[t2,’ freq. error ’]; while lo < n disp(t1),disp(t2) hi=min(lo+nlines-1,n); for j=lo:hi s1=sprintf(’\n %4.0f %13.5e %13.5e’, ... v(j,1),v(j,2),v(j,3)); s2=sprintf(’ %9.3f %13.5e %9.3f’, ... v(j,4),v(j,5),v(j,6)); fprintf([s1,s2]) end fprintf(’\n\nPress [Enter] to continue\n\n’); pause; lo=lo+nlines; end plotsave(wex,wfd,pefdm,wfe,pefem) nfe=length(wfe); nmidl=nfe/2; if rem(nmidl,2)==0, nmidl=nmidl+1; end x0=zeros(nfe,1); v0=x0; w=0; f1=zeros(nfe,1); f2=f1; f1(nfe-1)=1; f1(nmidl)=-5; xsav=examplmo(mm,kk,f1,f2,x0,v0,wfe,mv); close; fprintf(’All Done\n’)



75: 76:



%=============================================



77:



© 2003 by CRC Press LLC



78: 79: 80: 81: 82: 83: 84: 85: 86: 87: 88: 89: 90: 91: 92: 93: 94:



function z=cbfrqnwm(n,tol) % % z=cbfrqnwm(n,tol) % ~~~~~~~~~~~~~~~~~ % Cantilever beam frequencies by Newton’s % method. Zeros of % f(z) = cos(z) + 1/cosh(z) % are computed. % % n - Number of frequencies required % tol - Error tolerance for terminating % the iteration % z - Dimensionless frequencies are the % squares of the roots of f(z)=0 % % User m functions called: none %----------------------------------------------



95: 96:



if nargin ==1, tol=1.e-5; end



97: 98: 99: 100:



% Base initial estimates on the asymptotic % form of the frequency equation zbegin=((1:n)-.5)’*pi; zbegin(1)=1.875; big=10;



101: 102: 103: 104: 105: 106: 107: 108: 109: 110:



% Start Newton iteration while big > tol t=exp(-zbegin); tt=t.*t; f=cos(zbegin)+2*t./(1+tt); fp=-sin(zbegin)-2*t.*(1-tt)./(1+tt).^2; delz=-f./fp; z=zbegin+delz; big=max(abs(delz)); zbegin=z; end z=z.*z;



111: 112:



%=============================================



113: 114: 115: 116: 117: 118: 119: 120: 121: 122:



function [wfindif,mat]=cbfrqfdm(n) % % [wfindif,mat]=cbfrqfdm(n) % ~~~~~~~~~~~~~~~~~~~~~~~~~ % This function computes approximate cantilever % beam frequencies by the finite difference % method. The truncation error for the % differential equation and boundary % conditions are of order h^2.
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123: 124: 125: 126: 127: 128: 129: 130: 131: 132: 133:



% % n - Number of frequencies to be % computed % wfindif - Approximate frequencies in % dimensionless form % mat - Matrix having eigenvalues which % are the square roots of the % frequencies % % User m functions called: none %----------------------------------------------



134: 135: 136: 137:



% Form the primary part of the frequency matrix mat=3*diag(ones(n,1))-4*diag(ones(n-1,1),1)+... diag(ones(n-2,1),2); mat=(mat+mat’);



138: 139: 140: 141:



% Impose left end boundary conditions % y(0)=0 and y’(0)=0 mat(1,[1:3])=[7,-4,1]; mat(2,[1:4])=[-4,6,-4,1];



142: 143: 144: 145: 146:



% Impose right end boundary conditions % y’’(1)=0 and y’’’(1)=0 mat(n-1,[n-3:n])=[1,-4,5,-2]; mat(n,[n-2:n])=[2,-4,2];



147: 148: 149: 150: 151:



% Compute approximate frequencies and % sort these values w=eig(mat); w=sort(w); h=1/n; wfindif=sqrt(w)/(h*h);



152: 153:



%=============================================



154: 155: 156: 157: 158: 159: 160: 161: 162: 163: 164: 165: 166: 167:



function [wfem,modvecs,mm,kk]= ... cbfrqfem(nelts,mas,len,ei) % % [wfem,modvecs,mm,kk]= % cbfrqfem(nelts,mas,len,ei) % ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ % Determination of natural frequencies of a % uniform depth cantilever beam by the Finite % Element Method. % % nelts - number of elements in the beam % mas - total beam mass % len - total beam length
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168: 169: 170: 171: 172: 173: 174: 175: 176:



% ei - elastic modulus times moment % of inertia % wfem - dimensionless circular frequencies % modvecs - modal vector matrix % mm,kk - reduced mass and stiffness % matrices % % User m functions called: none %----------------------------------------------



177: 178: 179: 180:



if nargin==1, mas=1; len=1; ei=1; end n=nelts; le=len/n; me=mas/n; c1=6/le^2; c2=3/le; c3=2*ei/le;



181: 182: 183: 184: 185: 186: 187:



% element mass matrix masselt=me/420* ... [ 156, 22*le, 54, -13*le 22*le, 4*le^2, 13*le, -3*le^2 54, 13*le, 156, -22*le -13*le, -3*le^2, -22*le, 4*le^2];



188: 189: 190: 191: 192: 193:



% element stiffness matrix stifelt=c3*[ c1, c2, -c1, c2 c2, 2, -c2, 1 -c1, -c2, c1, -c2 c2, 1, -c2, 2];



194: 195: 196:



ndof=2*(n+1); jj=0:3; mm=zeros(ndof); kk=zeros(ndof);



197: 198: 199: 200: 201: 202:



% Assemble equations for i=1:n j=2*i-1+jj; mm(j,j)=mm(j,j)+masselt; kk(j,j)=kk(j,j)+stifelt; end



203: 204: 205: 206:



% Remove degrees of freedom for zero % deflection and zero slope at the left end. mm=mm(3:ndof,3:ndof); kk=kk(3:ndof,3:ndof);



207: 208: 209: 210: 211: 212:



% Compute frequencies if nargout ==1 wfem=sqrt(sort(real(eig(mm\kk)))); else [modvecs,wfem]=eig(mm\kk);
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213: 214: 215:



[wfem,id]=sort(diag(wfem)); wfem=sqrt(wfem); modvecs=modvecs(:,id); end



216: 217:



%=============================================



218: 219: 220: 221: 222: 223: 224: 225: 226: 227: 228: 229: 230: 231: 232: 233: 234: 235: 236: 237: 238: 239: 240: 241: 242: 243: 244: 245: 246: 247: 248:



function [t,x]= ... frud(m,k,f1,f2,w,x0,v0,wn,modvc,h,tmax) % % [t,x]=frud(m,k,f1,f2,w,x0,v0,wn,modvc,h,tmax) % ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ % This function employs modal superposition % to solve % % m*x’’ + k*x = f1*cos(w*t) + f2*sin(w*t) % % m,k - mass and stiffness matrices % f1,f2 - amplitude vectors for the forcing % function % w - forcing frequency not matching any % natural frequency component in wn % wn - vector of natural frequency values % x0,v0 - initial displacement and velocity % vectors % modvc - matrix with modal vectors as its % columns % h,tmax - time step and maximum time for % evaluation of the solution % t - column of times at which the % solution is computed % x - solution matrix in which row j % is the solution vector at % time t(j) % % User m functions called: none %----------------------------------------------



249: 250: 251:



t=0:h:tmax; nt=length(t); nx=length(x0); wn=wn(:); wnt=wn*t;



252: 253: 254: 255: 256:



% Evaluate the particular solution. x12=(k-(w*w)*m)\[f1,f2]; x1=x12(:,1); x2=x12(:,2); xp=x1*cos(w*t)+x2*sin(w*t);



257:
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258: 259: 260: 261: 262:



% Evaluate the homogeneous solution. cof=modvc\[x0-x1,v0-w*x2]; c1=cof(:,1)’; c2=(cof(:,2)./wn)’; xh=(modvc.*c1(ones(1,nx),:))*cos(wnt)+... (modvc.*c2(ones(1,nx),:))*sin(wnt);



263: 264: 265: 266:



% Combine the particular and % homogeneous solutions. t=t(:); x=(xp+xh)’;



267: 268:



%=============================================



269: 270: 271: 272: 273: 274: 275: 276: 277: 278: 279: 280: 281: 282: 283: 284: 285:



function x=examplmo(mm,kk,f1,f2,x0,v0,wfe,mv) % % x=examplmo(mm,kk,f1,f2,x0,v0,wfe,mv) % ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ % Evaluate the response caused when a downward % load at the middle and an upward load at the % free end is applied. % % mm, kk - mass and stiffness matrices % f1, f2 - forcing function magnitudes % x0, v0 - initial position and velocity % wfe - forcing function frequency % mv - matrix of modal vectors % % User m functions called: frud, beamanim, inputv %----------------------------------------------



286: 287: 288: 289: 290: 291: 292: 293: 294: 295: 296: 297: 298: 299:



w=0; n=length(x0); t0=0; x=[]; s1=[’\nEvaluate the time response from two’,... ’\nconcentrated loads. One downward at the’,... ’\nmiddle and one upward at the free end.’]; while 1 fprintf(s1), fprintf(’\n\n’) fprintf(’Input the time step and ’) fprintf(’the maximum time ’) fprintf(’\n(0.04 and 5.0) are typical.’) fprintf(’ Use 0,0 to stop\n’) [h,tmax]=inputv; if norm([h,tmax])==0 | isnan(h), return, end disp(’ ’)



300: 301: 302:



[t,x]= ... frud(mm,kk,f1,f2,w,x0,v0,wfe,mv,h,tmax);
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303: 304:



x=x(:,1:2:n-1); x=[zeros(length(t),1),x]; [nt,nc]=size(x); hdist=linspace(0,1,nc);



305: 306: 307: 308: 309: 310: 311: 312: 313: 314:



clf, plot(t,x(:,nc),’k-’) title(’Position of the Free End of the Beam’) xlabel(’dimensionless time’) ylabel(’end deflection’), figure(gcf) disp(’Press [Enter] for a surface plot of’) disp(’transverse deflection versus x and t’) pause print -deps endpos1 xc=linspace(0,1,nc); zmax=1.2*max(abs(x(:)));



315: 316: 317: 318: 319: 320: 321: 322: 323: 324: 325: 326: 327:



clf, surf(xc,t,x), view(30,35) colormap([1 1 1]) axis([0,1,0,tmax,-zmax,zmax]) xlabel(’x axis’); ylabel(’time’) zlabel(’deflection’) title([’Cantilever Beam Deflection ’ ... ’for Varying Position and Time’]) figure(gcf); print -deps endpos2 disp(’ ’), disp([’Press [Enter] to animate’,... ’ the beam motion’]) pause



328: 329: 330: 331: 332:



titl=’Cantilever Beam Animation’; xlab=’x axis’; ylab=’displacement’; beamanim(hdist,x,0.1,titl,xlab,ylab), close end



333: 334:



%=============================================



335: 336: 337:



% function beamanim(x,u,tpause,titl,xlabl,ylabl) % See Appendix B



338: 339:



%=============================================



340: 341: 342: 343: 344: 345: 346: 347:



function plotsave(wex,wfd,pefd,wfe,pefem) % % function plotsave(wex,wfd,pefd,wfe,pefem) % ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ % This function plots errors in frequencies % computed by two approximate methods. %
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348: 349: 350: 351: 352: 353: 354:



% wex - exact frequencies % wfd - finite difference frequencies % wfe - finite element frequencies % pefd,pefem - percent errors by both methods % % User m functions called: none %----------------------------------------------



355: 356: 357: 358: 359: 360: 361:



% plot results comparing accuracy % of both frequency methods w=[wex(:);wfd(:);wfd]; wmin=min(w); wmax=max(w); n=length(wex); wht=wmin+.001*(wmax-wmin); j=1:n;



362: 363: 364: 365: 366: 367: 368: 369: 370: 371:



semilogy(j,wex,’k-’,j,wfe,’k--’,j,wfd,’k:’) title(’Cantilever Beam Frequencies’) xlabel(’frequency number’) ylabel(’frequency values’) legend(’Exact freq.’,’Felt. freq.’, ... ’Fdif. freq.’,2); figure(gcf) disp([’Press [Enter] for a frequency ’,... ’error plot’]), pause print -deps beamfrq1



372: 373: 374: 375: 376: 377: 378: 379: 380: 381: 382: 383:



plot(j,abs(pefd),’k--’,j,abs(pefem),’k-’) title([’Cantilever Beam Frequency ’ ... ’Error Percentages’]) xlabel(’frequency number’) ylabel(’percent frequency error’) legend(’Fdif. pct. error’,’Felt. pct. error’,4) figure(gcf) disp([’Press [Enter] for a transient ’,... ’response calculation’]) pause print -deps beamfrq2



384: 385:



%=============================================



386: 387: 388:



% function varargout=inputv(prompt) % See Appendix B
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10.7 Vibration Modes of an Elliptic Membrane 10.7.1 Analytical Formulation Examples using eigenvalues and modal functions of rectangular or circular membranes were presented in chapter 9. In this section we analyze modal vibrations of an elliptic membrane. In this case the natural frequencies and modal functions cannot be obtained easily in explicit form. The problem can be formulated in elliptical coordinates leading to Mathieu type differential equations [74]. Library routines to compute these functions are not widely available; so, a different approach is employed using least squares approximation and the MATLAB function eig. Consider a membrane with major and √ minor semi-diameters a and b. The analytic function z = h cosh(ς) where h = a2 − b2 and ζ = ξ + i η maps the rectangle deÞned by 0 ≤ ξ ≤ R = tanh−1 (b/a), −π ≤ η ≤ π onto the interior of the ellipse. This transformation takes lines of constant ξ into a system of confocal ellipses and lines of constant η into hyperbolas intersecting the ellipses orthogonally. The following function was used to produce the elliptic coordinate plot in Figure 10.13. function z = elipmap(a,b,neta,nxi) h=sqrt(aˆ2-bˆ2); R=atanh(b/a); [xi,eta]=meshgrid(... linspace(0,R,nxi),linspace(-pi,pi,neta)); z=h*cosh(xi+i*eta); x=real(z); y=imag(z); plot(x,y,’k’,x’,y’,’k’) title(’ELLIPTICAL COORDINATE SYSTEM’) xlabel(’x axis’), ylabel(’y axis’) axis equal, grid off, shg Transforming the wave equation to (ξ, η) coordinates gives Uξξ + Uηη =



h2 [cosh(2ξ) − cos(2η)] Utt , 2



and assuming separable solutions of the form U = f (η)g(ξ) sin(Ω t) leads to f  (η) g  (ξ) + = −λ [cosh(2ξ) − cos(2η)], f (η) g(ξ) where λ = Ω2 h2 /2. So f and g are found to satisfy the following two Mathieu type differential equations: f  (η) + [α − λ cos(2η)]f (η) = 0, −π ≤ η ≤ π
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ELLIPTICAL COORDINATE SYSTEM



0.6



0.4



y axis



0.2



0



−0.2



−0.4



−0.6



−1



−0.8



−0.6



−0.4



−0.2



0 x axis



0.2



0.4



0.6



0.8



1



Figure 10.13: Elliptic Coordinate Grid



and g  (ξ) − [α − λ cosh(2ξ)]g(ξ) = 0, 0 ≤ ξ ≤ R where the eigenvalue parameters α and λ are determined to make f (η) have period 2π and make g(ξ) vanish at ξ = R. The modal functions can be written in terms of Mathieu functions as products of the form ce(η, q)Ce(ξ, q) for modes symmetric about the x-axis and se(η, q)Se(ξ, q) for modes anti-symmetric about the x-axis. The functions ce and se are periodic Mathieu functions pertaining to the circumferential direction, while Ce and Se are modiÞed Mathieu functions pertaining to the radial direction. The structure of these functions motivates using the following series approximation for the functions for even modes: f (η) =



N 



cos(η(k − 1)) ak , g(ξ) =



k=1
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M  l=1



cos(



πξ (l − 1/2)) bl . R



The analogous approximations for the modes anti-symmetric about the x-axis are: f (η) =



N 



sin(ηk) ak , g(ξ) =



k=1



M 



sin(



l=1



πξ l) bl . R



Thus the expressions for both cases take the form: f (η) =



N 



fk (η) ak and g(ξ) =



k=1



M 



gl (ξ) bl .



l=1



Let us choose a set of collocation points η i , i = 1, . . . , n, and ξj , j = 1, . . . , m. Then substituting the series approximation for f (η) into the differential equation gives the following over-determined system of equations: N  k=1







fk (ηi )ak + α



N 



fk (ni )ak − λ cos(2ηi )



k=1



N 



fk (ηi )ak = 0,



i = 1, . . . , n.



k=1



Denote F as the matrix having f k (ηi ) as the element in row i and column k. Then multiplying the last equation on the left by the generalized inverse of F gives a matrix equation of the form C A + α A − λ D A = 0, where A is a column matrix consisting of the coefÞcients a k . A similar equation results when the series for g(ξ) is substituted into the differential equation for the radial direction. It reduces to E B − α B + λ G B = 0. The parameter α can be eliminated from the last two equations to yield a single eigenvalue equation W E  + C W = λ (−W G  + D W ) where W = A B  , and the tic mark indicates matrix transposition. By addressing the two-dimensional array W in terms of a single index, the eigenvalues λ and the modal multipliers deÞned by W can be computed using the function eig. Then the values of the other eigenvalue parameter α can also be obtained using the known λ, W combinations. The mathematical developments just given are implemented below in a program which animates the various natural frequency vibration modes for an elliptic membrane.



10.7.2 Computer Formulation The program elipfreq was written to compute frequencies and mode shapes for an elliptic membrane. The primary data input includes the ellipse semi-diameters, a ßag indicating whether even modes, odd modes, or both are desired, the number of
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least squares points used, and the number of terms used in the approximation series. Natural frequencies and data needed to produce modal surfaces are returned. The program also animates the various mode shapes arranged in the order of increasing frequency. The modules employed are described in the following table. elipfreq



reads data, calls other computational modules, and outputs modal plots frqsimpl forms the matrix approximations of the Mathieu equations and calls eigenrec to generate frequencies and mode shapes eigenrec solves the rectangular eigenvalue problem plotmode generates animated plots of the modal functions modeshap computes modal function shapes using the approximating function series funcxi approximating series functions in the xi variable funceta approximating series functions in the eta variable The accuracy of the formulation developed above was assessed by 1) comparison with circular membrane frequencies known in terms of Bessel function roots and 2) results obtained from the commercial PDE toolbox from MathWorks employing triangular Þnite element analysis. The elliptic coordinate formulation is singular for a circular shape, but a nearly circular shape with a = 1 and b = 0.9999 causes no numerical difÞculty. Figure 10.14 shows how well frequencies from elipfreq with nlsq=[200,200] and nfuns=[30,30] compare with the roots of J n (r). The Þrst Þfty frequencies were accurate to within 0.8 percent and the Þrst one hundred frequencies were accurate to within 5 percent. The function pdetool from the PDE toolbox was also used to compute circular membrane frequencies with a quarter circular shape and 2233 node points. The Þrst two hundred even mode frequencies from this model were accurate to within 1 percent for the Þrst one hundred frequencies and to within 7 percent for the Þrst 200 frequencies. Since the function pdetool would probably give comparable accuracy for an elliptic membrane, results from elipfreq were compared with those from pdetool using an ellipse with a = 1 and b = 0.5. The percent difference between the frequencies from the two methods appears in Figure 10.15. This comparison suggests that the Þrst Þfty frequencies produced by elipfreq for the elliptic membrane are probably accurate to within about 2 percent. The various modal surfaces of an elliptic membrane have interesting shapes. The program elipfreq allows a sequence of modes to be exhibited by selecting vectors of frequency numbers such as 1:10 or 10:2:20. Two typical shapes are shown in Figures 10.16 and 10.17. The particular modes shown have no special signiÞcance besides their esthetic appeal. A listing of some interactive computer output and the source code for elipfreq follows.
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COMPARING MEMBRANE FREQUENCIES FOR (a,b) = (1, 0.9999) WITH A CIRCLE
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Figure 10.14: Comparing Elipfreq Results with Bessel Function Roots



COMPARISON OF RESULTS FROM ELIPFREQ AND PDETOOL
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Figure 10.15: Comparing Elipfreq Results with PDE Toolbox
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ODD MODE 98, OMEGA = 43.85, B/A = 0.5
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Figure 10.16: Surface for Anti-Symmetric Mode Number 98
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EVEN MODE 99, OMEGA = 41.37, B/A = 0.5
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Figure 10.17: Surface for Symmetric Mode Number 99
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Interactive Input-Output for Program elipfreq >> elipfreq; VIBRATION MODE SHAPES AND FREQUENCIES OF AN ELLIPTIC MEMBRANE Input the major and minor semi-diameters > ? 1,.5 Select the modal form option 1even, 2odd, 3both > ? 1 The computation takes awhile. Please wait. Computation time = 44.1 seconds. Number of modes = 312 Highest frequency = 116.979 Press return to see modal plots. Give a vector of mode indices (try 10:2:20) enter 0 to stop > ? 1 Give a vector of mode indices (try 10:2:20) enter 0 to stop > ? 2:6 Give a vector of mode indices (try 10:2:20) enter 0 to stop > ? [20 25 30] Give a vector of mode indices (try 10:2:20) enter 0 to stop > ? 0 >> Elliptic Membrane Program



1: 2: 3: 4: 5: 6: 7: 8: 9:



function [frqs,modes,indx,x,y,alpha,cptim]=elipfreq(... a,b,type,nlsq,nfuns,noplot) % [frqs,modes,indx,x,y,alpha,cptim]=elipfreq(... % a,b,type,nlsq,nfuns,noplot) % ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ % This function computes natural frequencies and mode % shapes for an elliptical membrane. Modes that are % symmetrical or anti-symmetrical about the x axis are % included. An approximate solution is obtained using
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10: 11: 12: 13: 14: 15: 16: 17: 18: 19: 20: 21: 22: 23: 24: 25: 26: 27: 28: 29: 30: 31: 32: 33: 34: 35: 36: 37: 38: 39: 40: 41: 42: 43: 44: 45: 46: 47: 48: 49:



% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %



a separation of variables formulation in elliptical coordinates. a,b nlsq nfuns type



frqs modes



indx x,y alpha



cptim noplot



- the ellipse major and minor semidiameters along the x and y axes - two-component vector giving the number of least square points in the eta and xi directions - two-component vector giving the number of functions used to solve the differential equations for the eta and xi directions. - use 1 for even modes symmetric about the x-axis. Use 2 for odd modes antisymmetric about the x-axis. Use 3 to combine both even and odd modes. - a vector of natural frequencies arranged in increasing order. - a three dimensional array in which modes(:,:,j) defines the modal deflection surface for frequency frqs(j). - a vector telling whether each mode is even (1) or odd (2) - curvilinear coordinate arrays of points in the membrane where modal function values are computed. - a vector of eigenvalue parameters in the Mathieu equation: u’’(eta)+... (alpha-lambda*cos(2*eta))*u(eta)=0 where lambda=(h*freq)^2/2 and h=atanh(b/a) - the cpu time in seconds used to form the equations and solve for eigenvalues and eigenvectors - enter any value to skip mode plots



User m functions called: frqsimpl eigenrec plotmode modeshap funcxi funceta



50: 51: 52: 53: 54:



if nargin==0 disp(’ ’) disp(’VIBRATION MODE SHAPES AND FREQUENCIES’) disp(’ OF AN ELLIPTIC MEMBRANE ’)
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55:



disp(’ ’)



56: 57:



nlsq=[300,300]; nfuns=[25,25];



58: 59: 60: 61: 62: 63: 64: 65: 66: 67: 68:



v=input([’Input the major and minor ’,... ’semi-diameters > ? ’],’s’); v=eval([’[’,v,’]’]); a=v(1); b=v(2); disp(’ ’) disp(’Select the modal form option’) type=input(... ’1even, 2odd, 3both > ? ’); disp(’ ’) disp([’The computation takes awhile.’,... ’ PLEASE WAIT.’]) end



69: 70: 71: 72: 73: 74: 75: 76: 77: 78: 79: 80: 81: 82: 83: 84: 85:



if type ==1 | type==2 % Even or odd modes [frqs,modes,x,y,alpha,cptim]=frqsimpl(... a,b,type,nlsq,nfuns); indx=ones(length(frqs),1)*type; else % Both modes [frqs,modes,x,y,alpha,cptim]=frqsimpl(... a,b,1,nlsq,nfuns); indx=ones(length(frqs),1); [frqso,modeso,x,y,alphao,cpto]=frqsimpl(... a,b,2,nlsq,nfuns); frqs=[frqs;frqso]; alpha=[alpha;alphao]; modes=cat(3,modes,modeso); indx=[indx;2*ones(length(frqso),1)]; [frqs,k]=sort(frqs); modes=modes(:,:,k); indx=indx(k); cptim=cptim+cpto; end



86: 87:



if nargin==6, return, end



88: 89: 90: 91: 92: 93: 94: 95: 96: 97:



% Plot a sequence of modal functions neig=length(frqs); disp(’ ’), disp([’Computation time = ’,... num2str(sum(cptim)),’ seconds.’]) disp([’Number of modes = ’,num2str(neig)]); disp([’Highest frequency = ’,... num2str(frqs(end))]), disp(’ ’) disp(’Press return to see modal plots.’) pause, plotmode(a,b,x,y,frqs,modes,indx)



98: 99:



%==============================================
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100: 101: 102: 103: 104: 105:



function [frqs,Modes,x,y,alpha,cptim]=frqsimpl(... a,b,type,nlsq,nfuns) % [frqs,Modes,x,y,alpha,cptim]=frqsimpl(... % a,b,type,nlsq,nfuns) % ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



106: 107: 108: 109: 110: 111: 112: 113: 114: 115: 116: 117: 118: 119: 120: 121: 122: 123: 124: 125: 126: 127: 128: 129: 130: 131: 132: 133: 134: 135:



% a,b - ellipse major and minor semi-diameters % type - numerical values of one or two for modes % symmetric or anti-symmetric about the x axis % nlsq - vector [neta,nxi] giving the number of least % square points used for the eta and xi % directions % nfuns - vector [meta,mxi] giving the number of % approximating functions used for the eta and % xi directions % frqs - natural frequencies arranged in increasing % order % Modes - modal surface shapes in the ellipse % x,y - coordinate points in the ellipse % alpha - vector of values for the eigenvalues in the % Mathieu differential equation: % u’’(eta)+(alpha-lambda*cos(2*eta))*u(eta)=0 % cptim - vector of computation times % % User m functions called: funceta funcxi % eigenrec modeshap if nargin==0 a=cosh(2); b=sinh(2); type=1; nlsq=[200,200]; nfuns=[30,30]; end h=sqrt(a^2-b^2); R=atanh(b/a); neta=nlsq(1); alpha=[]; nxi=nlsq(2); meta=nfuns(1); mxi=nfuns(2); eta=linspace(0,pi,neta)’; xi=linspace(0,R,nxi)’; [Xi,Eta]=meshgrid(xi,eta); z=h*cosh(Xi+i*Eta); x=real(z); y=imag(z); cptim=zeros(1,3);



136: 137: 138: 139: 140: 141:



% Form the Mathieu equation for the circumferential % direction as: A*E+alpha*E-lambda*B*E=0 tic; [Veta,A]=funceta(meta,type,eta); A=Veta\[A,repmat(cos(2*eta),1,meta).*Veta]; B=A(:,meta+1:end); A=A(:,1:meta);



142: 143: 144:



% Form the modified Mathieu equation for the radial % direction as: P*F-alpha*F+lambda*Q*F=0
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145: 146: 147: 148:



[Vxi,P]=funcxi(a,b,mxi,type,xi); P=Vxi\[P,repmat(cosh(2*xi),1,mxi).*Vxi]; Q=P(:,mxi+1:end); P=P(:,1:mxi); cptim(1)=toc; tic



149: 150: 151: 152: 153: 154: 155:



% Solve the eigenvalue problem. This takes most % of the computation time [frqs,modes]=eigenrec(P’,A,-Q’,B); % Keep only half of the modes and frequencies nmax=fix(length(frqs)/2); frqs=frqs(1:nmax); modes=modes(:,:,1:nmax); cptim(2)=toc;



156: 157: 158: 159: 160:



% Compute values of the second eigenvalue % parameter in Mathieu’s equation alpha=zeros(1,nmax); tic; s=size(modes); s=s(1:2); Vxi=Vxi’;



161: 162: 163: 164: 165: 166: 167: 168: 169: 170:



% Obtain the modal surface shapes Neta=91; Nxi=25; Modes=zeros(Neta,Nxi,nmax); for k=1:nmax Mk=modes(:,:,k); [dmk,K]=max(abs(Mk(:))); [I,J]=ind2sub(s,K); Ej=Mk(:,J); alpha(k)=(B(I,:)*Ej*frqs(k)-A(I,:)*Ej)/Mk(K); [Modes(:,:,k),x,y]=modeshap(a,b,type,Mk,Nxi,Neta); end frqs=sqrt(2*frqs)/h; cptim(3)=toc;



171: 172:



%==============================================



173: 174: 175: 176: 177: 178: 179: 180: 181: 182: 183: 184: 185: 186: 187: 188: 189:



function [eigs,vecs,Amat,Bmat]=eigenrec(A,B,C,D) % [eigs,vecs,Amat,Bmat]=eigenrec(A,B,C,D) % Solve a rectangular eigenvalue problem of the % form: X*A+B*X=lambda*(X*C+D*X) % % A,B,C,D - square matrices defining the problem. % A and C have the same size. B and D % have the same size. % eigs - vector of eigenvalues % vecs - array of eigenvectors where vecs(:,:,j) % contains the rectangular eigenvector % for eigenvalue eigs(j) % Amat, % Bmat - matrices that express the eigenvalue % problem as Amat*V=lambda*Bmat*V %
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190: 191: 192: 193: 194: 195: 196: 197: 198: 199: 200: 201: 202: 203: 204: 205:



n=size(B,1); m=size(A,2); s=[n,m]; N=n*m; Amat=zeros(N,N); Bmat=Amat; kn=1:n; km=1:m; for i=1:n IK=sub2ind(s,i*ones(1,m),km); Bikn=B(i,kn); Dikn=D(i,kn); for j=1:m I=sub2ind(s,i,j); Amat(I,IK)=A(km,j)’; Bmat(I,IK)=C(km,j)’; KJ=sub2ind(s,kn,j*ones(1,n)); Amat(I,KJ)=Amat(I,KJ)+ Bikn; Bmat(I,KJ)=Bmat(I,KJ)+ Dikn; end end [vecs,eigs]=eig(Bmat\Amat); [eigs,k]=sort(diag(eigs)); vecs=reshape(vecs(:,k),n,m,N);



206: 207:



%===========================================



208: 209: 210: 211: 212: 213: 214: 215: 216: 217: 218: 219: 220: 221: 222: 223:



function plotmode(a,b,x,y,eigs,modes,indx) % % plotdmode(a,b,x,y,eigs,modes,indx) % ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ % This function makes animated plots of the % mode shapes of an elliptic membrane for % various frequencies % a,b - major and minor semi-diameters % x,y - arrays of points defining the % curvilinear coordinate grid % eigs - vector of sorted frequencies % modes - array of modal surfaces for % the corresponding frequencies % indx - vector of indices designating % each mode as even (1) or odd (2)



224: 225: 226: 227: 228: 229: 230: 231: 232: 233: 234:



range=[-a,a,-b,b,-a,a]; nf=25; ft=cos(linspace(0,4*pi,nf)); boa=[’, B/A = ’,num2str(b/a,4)]; while 1 jlim=[]; while isempty(jlim), disp(’ ’) disp([’Give a vector of mode ’,... ’indices (try 10:2:20) > ? ’]); jlim=input(’(input 0 to stop > ? ’); end
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235: 236: 237: 238: 239: 240:



if any(jlim==0) disp(’ ’), disp(’All done’), break, end for j=jlim if indx(j)==1, type=’EVEN’; f=1; else, type =’ODD ’; f=-1; end u=a/2*modes(:,:,j);



241:



for kk=1:nf surf(x,y,ft(kk)*u) axis equal, axis(range) xlabel(’x axis’), ylabel(’y axis’) zlabel(’u(x,y)’) title([type,’ MODE ’,num2str(j),... ’, OMEGA = ’,num2str(eigs(j),4),boa]) %colormap([127/255 1 212/255]) colormap([1 1 0]) drawnow, shg end pause(1);



242: 243: 244: 245: 246: 247: 248: 249: 250: 251: 252: 253: 254: 255:



end end



256: 257:



%==================================================



258: 259: 260: 261: 262: 263: 264: 265: 266: 267: 268: 269: 270: 271: 272: 273: 274: 275: 276: 277:



function [u,x,y]=modeshap(... a,b,type,modemat,nxi,neta,H) % % [u,x,y]=modeshap(a,b,type,modemat,nxi,neta,H) % ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ % This function uses the eigenvectors produced by % the rectangular eigenvalue solver to form modal % surface shapes in cartesian coordinates. % a,b - major and minor semi-diameters % type - 1 for even, 2 for odd % modemat - eigenvector matrix output by eigenrec % nxi,neta - number of radial and circumferential % coordinate values % H - maximum height of the modal surfaces. % The default value is one. % u,x,y - modal surface array and corresponding % cartesian coordinate matrices. u(:,:j) % gives the modal surface for the j’th % natural frequency.



278: 279:



if nargin 
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