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SUMMARY In this work we propose an Adaptive Subdivision Piecewise Linear Interface Calculation (ASPLIC) for 2D multi-material hydrodynamic simulation codes. Classical VOF-PLIC technique uses one line segment and one given normal to separate two materials. Unfortunately these paradigms are not sufficient when filaments occur leading to the creation of flotsams and jetsams. We propose to detect such situations and to split the computational mixed cell into reconstruction subzones. Within these subzones one computes a socalled subgradient using an incomplete stencil of neighbors and the material is distributed in these subzones. Given subzone volume fraction and the subgradient, one computes one line segment using classical PLIC method leading to a modified PLIC method for subscale material entity. The subdivision procedure relies on a splitting point which is chosen as a specific information about the relative location of the filament in the cell, leading to an adaptive subdivision for PLIC reconstructions. Numerical tests are carried out in a 2D Lagrange+Remap multimaterial hydrodynamics eulerian code. Static and dynamic filaments and fragments are simulated in advection or stretched in vortex-like motion. The full hydrodynamics equations are solved on a more realistic test (shock-bubble impact). Results show that our approach supplement classical PLIC c 2013 John Wiley & Sons, Ltd. method for situations when filaments and fragments occur. Copyright Received . . .
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1. INTRODUCTION In this paper we propose the so-called ASPLIC (Adaptive Subdivision Piece-wise Linear Interface Calculation) method to deal with filaments and fragments in two-material hydrodynamics codes. Accurate and reliable simulation of multimaterial flows requires the development of an effective interface reconstruction technique. In many physical contexts a strict conservation property is expected and since its introduction, the conservative volume-of-fluid (VOF) method using interface reconstruction is widely used. The VOF method, originally introduced in [26], does not explicitly track the interface between materials. Instead VOF method advects the so-called volume fractions which determine the relative composition of mixed cells. Indeed the volume fraction is the ratio between the volume of the material in the cell and the volume of the cell. The interface between materials is recreated based on the material volume fraction in the cell and its surrounding cells [22, 23, 24, 25, 37]. Interface reconstruction techniques in association with VOF dates back to the Simple Line Interface Calculation (SLIC) [27] to be used with directionally split advection method and Youngs’ method also known to be part of a more general family of methods referred to as PLIC, Piece-wise Linear Interface Calculation [29, 30]. Youngs’ method is using the negative gradient of the volume fraction function, estimated using the volume fractions of materials in the neighboring cells to compute an outward normal of the interface. Generally this gradient is obtained using as ˚ Correspondence
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instance Green-Gauss formula [31] or a least-square technique [24]. Let us emphasize that any PLIC method assumes that the interface in a two-material mixed cell is defined by : (i) a prescribed outward normal and (ii) a unique segment that cuts off the correct volume of material from the computational cell. Since the seminal works of Youngs, several improvements have been published, second-order extension (that is to say ability to reconstruct a straight line/plan) by local optimization [32] or interface smoothing [33, 34], multimaterial treatment [29], automatic ordering of materials [23, 36, 18, 16, 3, 13]. More recently an extension of VOF method called the Moment-of-Fluid (MOF) method [15, 14, 17] has been developed on the premise that the volume fractions must be supplemented with the information on the location of material centroids in mixed cells. In this work we focus on the treatment of filaments and fragments that may appear in two-material hydrodynamics simulations in a Vof context. Filaments and fragments arise because the underlying mesh size is larger than the fluid structure characteristic length. In such case Youngs’ method and most of classical interface reconstruction techniques, MOF included, are not able to properly represent the fluid structure within the mixed cell: at least two segments are needed to represent a filament within a cell whereas by essence Youngs’ method considers one only. This is undesirable because in a finite volume implementation this may result in material being incorrectly fluxed into neighboring cells. In such case the popular wisdom advises to sufficiently refine the mesh in order to avoid any filament or fragment to appear. Lack of computer resources may limit this ’brute force’ solution, and, more important even if refining is feasible, a large waste of computer resource is to be expected because filament or fragment (i) rarely occur and (ii) are usually located in very few specific areas, and (iii) are often of low importance for the overall simulation diagnostics. In the literature some attempts to deal with small scale structures are reported. Some are employing Adaptive Mesh Refinement (AMR) [6, 7, 14] or some sort of mixed particle/level set methods [8, 9]. The solution consisting in using AMR or a mesh movement technique to densify the mesh around areas where small scale structures are present seems the most natural. However these techniques require an heavy machinery, especially if one considers that fragments and filaments are usually transient and negligible structures for the bulk of the flow. Moreover with ultra thin structures it may be unrealistic to achieve a fully resolved level of refinement. Level set techniques are appealing especially in their high-order versions [8, 9, 10] but some work is required to deal with large gradients of the level set and the associated re-initialization step [10]. Some other techniques like [12] or [11] carefully investigate the neighborhood of a vertex to detect/infer material breakup or interface topology and further apply an interface smoothing or a topology repair. However these techniques can not properly deal with filament thinner than the grid cell size. Very recently the authors of [19] have developed a method to deal with filament in the context of MOF [15, 14, 17]. Equipped with more than one centroid per material per mixed cell, the technique is able to retrieve and track filaments without the need for local cell refinement. However in the case of fragment or tip of filament the authors must rely on AMR. The goal of this work is to develop a technique to help the numerical method to survive and manage smoothly the occurrence of fragment or filament in a two-material hydrodynamics simulation code in a VOF context. Let us notice that our work is not based on a more advanced physical model, it simply provides a numerical technique using the available information in a slightly different way to reconstruct more complex (or small scale) fluid structures within a mixed cell. Such similar idea can be found in different publications and notes as instance in [35] where the author considers a bilinear volume fraction function along with subcell decomposition of mixed cells. Also let us precise that our goal is not to perfectly resolve any filament, rather the purpose is to develop a sub-scale inexpensive and robust technique to supplement classical Youngs’ interface reconstruction method in situations where the later has not been designed to work well. The ASPLIC technique is based on the detection of problematic situation coupled with the subdivision of the mixed cell into several reconstruction sub-zones, each having one interface segment. More precisely one proposes to detect mixed cells enduring difficult situations and split them into reconstruction subzones. Within these subzones a so-called ’subgradient’ is computed using an incomplete stencil of neighbors and the material is distributed amongst subzones. Given the subzone volume fraction and the subgradient, one computes one line segment using classical PLIC method leading to a modified PLIC method for c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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Figure 1. Left: Example of global numbering of mesh cells. The set N pcq for c “ 12 is constituted of cells 12, 101, 82, 73, 63, 50, 17, 41, 58. — Middle: Local numbering, the central cell is 0, surrounded by cells from 1 to 8. Points of cell 0 are locally numbered 1 to 4 — Right: Youngs’ interface reconstruction technique. The volume fractions are the blue numbers.



sub-scale material entity. The subdivision procedure relies on a splitting point which is chosen as a specific information about the relative location of the small scale structure in the cell. This splitting point is chosen as a rough approximation of the material centroid which is further used to track the small structure in its journey across the mixed cell. Quite naturally this procedure leads to an adaptive subdivision for PLIC reconstruction, hence the name ASPLIC. The paper is organized into four sections. Section 2 introduces the context and the necessary tools. The third section presents our interface reconstruction method which is used in a 2D Lagrange+Remap hydrodynamics formalism with advection splitting technique. In the fourth section are gathered the numerical results to assess the ability of the method to deal with filaments and fragments in academical and more advanced physics-based test cases Finally conclusions and perspectives are drawn. 2. INTERFACE RECONSTRUCTION CONTEXT Let us consider a polygonal domain Ω covered without gap or overlapping by cells Ωc , c “ 1, . . . , Nc . A cell c is defined by the convex hull of a counterclockwise ordered list of vertexes or points p in Ppcq. Similarly a point p is surrounded by cells c ordered counterclockwise in the set Cppq. One denotes by N pcq the set of neighbor cells of c N pcq “ tc1



such that Ωc X Ωc1 ‰ ∅u.



(1)



We also define a local numbering of neighbor cells of c starting from 1 to |N pcq|, c is given the label 0, see Fig.1. A subcell is the quadrangle uniquely defined by one cell c and one point p and two middle edge points, it is denoted Ωcp , as instance the red subcell associated to point 42 and cell 12 in Fig. 1-left. Let us assume that two non miscible materials coexist within domain Ω. A cell is referred to as pure when only one material composes it, conversely a cell is mixed if two materials strictly coexist. The volume fraction, fc , of one material in a cell, Ωc of volume Vc “ |Ωc | is defined c as: fc “ W Vc . where Wc is the volume of the material in the cell. Let us remark that the second material has a volume fraction 1 ´ fc and a material volume Vc ´ Wc . A cell is denoted as empty if fc “ 0 and full if fc “ 1. Let us briefly describe how Youngs’ interface reconstruction method acts. Given the volume fractions in a mixed cell c and the neighborhood N pcq, Youngs’ method computes the gradient of the volume fraction function: , ∇fc , using a least-square approach or a Green-Gauss :



In [33] the authors wisely precise that “Most articles on this subject have not clarified what exactly this function means; it is often assumed to be a discontinuous function specific to each material that is unity on one side of the interface and null on the other. In this case, it is also unclear what is meant by taking the gradient of such a function. The notion used here is that the volume fraction function is akin to a color function that indicates the average color in a small window that is moved around the mesh particularly in a normal direction to the interface. Such a function is still an imprecise function which varies with the shape and orientation of the window, and steepens with decreasing size of the window.” In [34] a detailed exposition of this topic is proposed. c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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integration technique as instance. A normal Nc is further defined as the unit vector in the opposite direction of ∇fc ‰ 0 Nc “ ´∇fc {}∇fc }. (2) Finally a line segment perpendicular to Nc is located in the cell in such a way that the volume fractions of the materials are fulfilled see Fig. 1 right panel. 2.1. Gradient and subgradients In this section we recall the least square method to compute the cell-centered gradient of the volume fraction function. Then a definition of subgradient is inferred. Let us denote fc pXq a piece-wiselinear reconstruction of the volume fraction function in cell c Ăc q, fc pXq “ fc ` ∇fc .pX ´ X (3) Ăc is the centroid of cell c defined as where the gradient ∇fc is the unknown and X ş ş XdX XdX Ωc Ă “ Ωc Xc “ ş . Vc dX Ωc



The gradient can be sought as the minimizer of the least-square functional ¸2 ˜ ş ÿ f pXqdX Ωd c , F p∇fc q “ fd ´ Vd



(4)



(5)



dPVpcq



where Vpcq is ’a’ set of neighbor cells. The minimizer of F is the value of the gradient such that the formal differentiation of F by respect to the two components of ∇fc is zero. Such a minimization process can be recast into a 2 ˆ 2 linear system: Ac ∇fc “ bc . where the components of matrix ř Ac and right-hand side bc are given for α, β P tx, yu by aαβ “ 2 dPVpcq pαd ´ αc qpβd ´ βc q, and ř bα “ 2 dPVpcq pαd ´ αc qpfd ´ fc q. The previous system is invertible if cell c is non-degenerate and in this case ∇fc can be computed for all cell c. Let us first notice that set Vpcq is usually identified to the set of all cells in contact with cell c, that is N pcq. Sometimes Vpcq is chosen as the set of cells sharing only one edge with c. Obviously the gradient drastically depends on this set Vpcq. At least we need two neighbors in 1D, three in 2D and six in 3D to uniquely define ∇fc , and, when more neighbors are provided the system is overdetermined. Consequently any modification of set Vpcq does in general modify ∇fc value. The notion of subgradient, or incomplete gradient, uses this phenomenon by discarding the effect of several neighbor cells: the subgradient associated with subcell Ωcp is computed by setting Vpcq ” Cppq. In other words the set of neighbors is based on the cells surrounding subcell Ωcp Ť only. This notion can be extended to an edge-based gradient by setting N pcq ” Cppq Cpp ` 1q for edge rXp ; Xp`1 s as instance. As such several subgradients per cell can supplement the unique cell-centered gradient information. 2.2. Limitation of gradient approximation when facing filament and fragment There are mainly two reasons why the previous cell-centered gradient approximation may produce non-sense results for the computation of normal (2). First, matrix Ac could be non-invertible and we have seen previously that it happens when cell c is degenerate. Second, the right-hand side bc can be an arbitrarily close vector to the null vector. As instance this may occur for the volume fractions depicted in Fig. 2 which are computed from a filament in a perfect regular quadrangular mesh. In this case ∇fc is zero and the associated normal is therefore undefined. If the mesh is not symmetric or the volume fractions are not artificially prepared, bc and ∇fc can nonetheless be arbitrarily close to zero. Consequently Youngs’ method that relies on this gradient, generates a normal (2) which does make only little sense. Unfortunately this normal is further used to reconstruct the interface in the mixed cell, hence, in such situations, this method arbitrarily locates the materials. Let us analyze some illustrative examples of problematic situations for cell-centered gradient approximation and c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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Figure 2. Situation of symmetric non-zero volume fractions on central vertical cells. The approximation of the gradient produces ∇f “ 0 hence the normal N is undefined. An infinite number of configurations may fulfill the volume fractions, six are shown. 3
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Figure 3. Computation of gradients and subgradient for symmetric situations of filaments and fragment — Cell centered gradients (green arrow), subcell-based subgradient (red arrows) and edge-based subgradients (blue arrows) — Length of vector corresponds to magnitude.



how subcell- and edge-based subgradients may help. The volume fractions depicted in Fig. 2 may represent many different underlying fluid structures: a filament, three isolated fragments, a mix of fragment and filament or many other even more complex structures. Youngs’ method using neighborhood N pcq can not provide meaningful information when such situations occur because only one interface segment per cell is reconstructed although two or more segment would be needed and also because there is no way to decide which situation is adequate given the volume fractions alone. However using some sort of refinement there may be enough information available in the neighborhood to decide which situation is more appropriate. In such situations the cell-centered gradient of the volume fraction function is virtually useless but the subcell-based or edge-based subgradients are not. In fact the non-symmetric volume fraction distribution in the local neighborhood may help to avoid cancellation of opposite contribution, and, as such can provide meaningful information (direction and magnitude of subgradients as instance). As an illustration let us consider unit square cells and five filaments and one fragment depicted in Fig. 3. The exact volume fraction are provided to the classical gradient computation method which provides the cell-centered gradients (green arrow). The subcell- and edge-based subgradients c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls



Int. J. Numer. Meth. Fluids (2013) DOI: 10.1002/fld



0.4



0.6



6



C.FOCHESATO



are also computed (respectively red and blue arrows). The lengths of the vectors correspond to their magnitude. One observes in Fig. 3 that due to symetry the first two filaments and fragments situations generate a zero cell-centered gradient. Consequently Youngs’ method would be unable to locate the materials properly. Contrarily some subcell- or edge-based subgradients produce meaningful information to further locate the material within the cell. One also observes that the fourth and fifth filaments generate a non-zero normal but this normal inappropriately locates the material in a corner of the cell. Within a VOF hydrodynamics code, such bad material location may be prematurely/belatedly advected in neighbor cells leading to a breakup of the interface [4, 12, 5]. These simple examples are intended to show that subgradients can be used to extract useful information when the cell gradients fail to do so. A subcell interface reconstruction technique could therefore rely on these subgradients to detect and further deal with filament and fragment. This is the purpose of the next section to derive the design principles and present our method. 3. ADAPTIVE SUBDIVISION INTERFACE RECONSTRUCTION METHOD Dealing with structures smaller than the characteristic cell length implies the following general principles within a VOF context: Principle 1- Two or more segments per mixed cell are needed to accurately represent a fragment or a filament; Principle 2- Some information must describe how such a small structure moves across the cell during a time step. The design principles of any filament/fragment friendly adaptive interface reconstruction method must exactly or approximately solve the following problems: 1. 2. 3. 4. 5.



Detect a filament/fragment situation in a mixed cell; Subdivide the mixed cell into Nz reconstruction sub-zones; Scatter the material into these Nz sub-zones, some sub-zones may be empty, some other full; Reconstruct the effective Ns segment(s) in the mixed cell: 1 ď Ns ď Nz ; Update some temporal information to determine how a small structure (filament or fragment) is moving within the mixed cell during the current time step.



In this work we propose a method based on sub-gradient computation. Our sub-gradient interface reconstruction method works as an add-on to Youngs’ method and the next sections describe the way we handle each steps. Let us first introduce how a small structure is tracked in its evolution (in other word how do we respond to general Principle 2). The starting data are the volume fractions fcn of one material in the cell c and its neighborhood N pcq at time tn . The supplement of information needed is brought by the xn . This definition of an approximate material centroid (or center of mass) in mixed cell c called X c centroid evolves as a pseudo Lagrangian particle in time and provides the averaged localization of the small structure in the mixed cell. Let us assume that initially all mixed cells are free of fragment or filament; . As a consequence the material centroid of any mixed cell can be exactly computed after the interface reconstruction step following ş XdX ωc ptn q xn “ ş X , (6) c dX ωc ptn q where ωc ptn q Ă Ωc is the volume occupied by one material in cell Ωc at time tn . (6) could also be approximated thanks to the volume fraction function (3), as ¯ ş ´ n ş n Ăn q XdX n ` ∇f .pX ´ X f f pXqXdX c c c Ωc Ωc c xn » ş . (7) X “ c n pXqdX Vcn fcn f Ωc c ; This



is not mandatory but eases the description.



c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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At the end of the interface reconstruction phase, material centroids are updated, whatever the interface reconstruction method. During the time step rtn ; tn`1 s one needs to infer the displacement across the mixed cell of the sub-scale entity. This is obtained by means of the advection of the material centroid as a pseudo Lagrangian particle. More precisely the equation for the material centroid is xn`1 “ X xn ` ∆t U pc , X (8) c c p c is a weighted average of cell point velocities, as where the mean velocity on the cell U ř ř n n p x instance Uc “ pPPpcq αp pXc q Up , where αp ě 0 and pPPpcq αp “ 1. Once new interfaces are reconstructed, a new true material centroid is recomputed. As such one does not need to have a very accurate description of the actual material centroid, instead we need a decent approximation of the material location in the mixed cell. Notice that the updated centroid location (8) may be outside the cell, in such case one simply projects it back onto the closest edge of the cell; this ensures that xn`1 remains in the cell. In summary if the mixed cell has no filament then the material centroid is X c computed using the reconstructed interfaces. Otherwise the material centroid is advected using (8) by making sure it remains in the cell after advection. This advected centroid needs to be related to the subdivision procedure associated to the enriched representation of interfaces in the cell. Our choice consists in defining the splitting point of the subdivision as this centroid. This implies that the cell refinement technique is an adaptive one. Each mixed cell has its own subdivision, based on a different relative splitting point, giving rise to the so-called Adaptive Subdivision PLIC method (ASPLIC) formalism. Another consequence is that it simplifies the design of the material scattering step: since the splitting point is the material centroid, we infer that we should uniformly scatter the volume of fluid in the different subzones.



3.1. Detection step The purpose of this step is to detect mixed cells with a fragment or filament or cells which will be handled with difficulty by Youngs’ method. At least two situations must be detected. First, a filament or fragment is already in the mixed cell and this situation can be handled by analyzing the volume fractions in the neighborhood. Second, no filament or fragment is present but highly curved interface or pinched material is present in the mixed cell. Let us describe how these situations are detected. 3.1.1. Filament/fragment detection. A simple and inexpensive way to detect possible problematic mixed cells is to carefully analyze the distribution of material in the closestřneighborhood. A fragment is by definition a piece of material surrounded by empty cells, i.e dPN pcq fd “ 0. A filament is more subtle to detect as any situation from Fig. 3 may occur. Nevertheless they all have a common feature: a slice/piece of material is surrounded by some empty cells. For a logically rectangular regular mesh it is the case if one of the following situation occurs (refer to Fig.4-left) either D26 “ f2 ` f6 “ 0, or D37 “ f3 ` f7 “ 0, or D48 “ f4 ` f8 “ 0, or D15 “ f1 ` f5 “ 0. In such situations the mixed cell is marked as problematic. These situations express the fact that the central cell 0 enjoys a crossing direction that connects two empty cells, which, in other words, means that the material is squeezed in the central cell. This “definition” of a problematic cell can be extended to an unstructured mesh. Only the number of possible crossing directions may be different and possibly unambiguous to determine, see the red crossing direction in Fig. 4-right. 3.1.2. Angular defect. In Fig. 5 we present several situations for which Youngs’ method gives a sensible solution; on left panel the underlying material and the interface is close from flat for the current stencil. As such all cell-centered normals point in the same direction and have roughly the same orientation. Contrarily, on middle and right panels due to too high curvature or an almost filament situation, Youngs’ method is about to produce inaccurate interfaces. Nevertheless, as already mentioned, Youngs’ method is robust and always provides a solution. This solution given by Youngs’ method will not allow any filament to occur by creating blobby flows due to the socalled excessive numerical surface tension. These possible problematic situations can be detected c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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Figure 4. Detection step. Left: logical rectangular mesh. Right: polygonal unstructured mesh. One tests each “crossing directions” that can be constructed considering the closest neighbors of the tested mixed cell 0.
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Figure 5. Behavior of Youngs’ method for the central cell on a 3 ˆ 3 stencil of quadrangles — Left: acceptable situation, the interface is close from flat, normals have almost the same orientation — MiddleRight: possible problematic situations due to too high curvature, normals have different orientations — Red dashed line: sub-zones in ASPLIC reconstruction. Red arrows: sub-gradients associated to the sub-zone.



by analysis of the normals in the neighborhood through an angular defect test. Such test of angular defect is made as simple as possible: the current mixed cell c is detected as problematic if, for any neighbor mixed cell d, the angle between their associate normals, Nc and Nd , exceeds θ “ π{3. The somewhat arbitrary angle θ “ π{3 has been chosen after numerical testing on quadrangular meshes. However this does not seem to be a very sensible parameter of the method, see the numerical section, even if greater angle than π{2 degrades the preservation of filaments. At the end of this detection step a list of problematic cells is therefore constructed. These are further treated by ASPLIC method, the others are dealt with Youngs’ method. 3.2. Subdivision step Next we need to split the mixed problematic cell into Nz ě 1 sub-zones. Many different splitting patterns could be used but for robustness and consistency purposes we only consider a four subzone split with horizontal and vertical boundaries meeting at a splitting point to be defined. If a material centroid is available, as instance if it has been advected or computed from a previous non-problematic mixed cell, then this material centroid is used as splitting point between the subzones. On the contrary if there is no centroid available, as instance the situation was previously under control by Youngs’ method, then we infer the splitting point to be the intersection of the cellcentered normal with the boundary of the mixed cell (red cross in Fig. 5). This intersection point is further displaced away from the boundary to take into account the amount of material ? which is in the cell: we choose to move the intersection point by a length of the order of ε “ Wc . These sub-zones are represented by the red dashed lines in Fig. 5. We denote the sub-zone volumes by Vz,c c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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Wc = 0.36 Figure 6. Left: example of Youngs’ reconstruction within a mixed cell with four sub-zones and their associated sub-gradients (colored arrows). The black bullet ‚ represents the material centroid used to split the cell into sub-zones. The numbers are the sub-zone volume fractions computed after the allocation of a piece of material volume Wc into sub-zones (the cell has a unit volume). The colored bullets represent the true material centroid in each sub-zones, the cross is the actual approximation of the material centroid — Right: intersection between a new (green) cell and an old (black) cell into which a complex 4 sub-zone interface reconstruction has been made.



for z “ 1, . . . , Nz “ 4. Note that these volumes may be arbitrary small depending on ε and they are all bounded above by the cell volume Vc . Finally we associate to each sub-zone the 2 ˆ 2 stencil corresponding to all cells in contact with it. Using this sub-zonal stencil we further compute the associated sub-gradient see section 2.2. 3.2.1. Allocation of material into sub-zones. The total volume of material in mixed cell c is Wc “ fc Vc and the purpose of this step is to make an educated guess to decompose it into Nz “ 4 pieces one for each sub-zone z . Unfortunately there is an obvious lack of information to surely deduce how the material is to be scattered into the sub-zones of the mixed cell. However, as explained above, the choice of the splitting point as an estimation of the material centroid naturally leads to make a uniform scattering of the material in the different sub-zones. To convinced ourselves one merely has to consider the case of an isolated fragment: when traveling across the cell, the allocation of material must remain the same around the splitting point which is the centroid of the fragment. It may happen that the material volume Wz,c “ Wc {4 exceeds the sub-zone volume Vz,c . repair In such situation the sub-zone is filled up, i.e. Wz,c “ Vz,c and the excess ∆W “ Wz,c ´ Vz,c is scattered among remaining acceptor sub-zones with some sort of repair technique [2, 1]. Because ř4 Vc “ z“1 Vz,c ě pVc fc q there is a solution to any repair action. Moreover following [1] an orderindependent repair technique can be employed. 3.3. Sub-zone reconstruction step This step reconstructs one interface per sub-zone z in such a way that, given sub-gradients ∇fz,c , the material volume Wz,c is fulfilled in each sub-zone. Because the sub-zones are convex and the material in the sub-zone is such that Wz,c ď Vz,c then there exists a unique segment perpendicular to the sub-gradient which cuts the sub-zone into two parts of respective volumes Wz,c and Vz,c ´ Wz,c . As can be seen in Fig. 6, the form of the material in the mixed cell can be complex and certainly non-convex as a whole. Of course it does complexify any further treatment such as remapping xc can techniques, see next section. Once the interfaces are computed the true material centroid X be computed even if the shape of material into sub-zones is rather complex. We adopt a simpler approximation by averaging the material centroid of sub-zones, see the colored bullets in Fig. 6. Let xz then we approximate true material centroid by us denote the sub-zone material centroid by X Nz ÿ xz . xc “ 1 X Vz X Vc z“1



c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls



(9) Int. J. Numer. Meth. Fluids (2013) DOI: 10.1002/fld



10



C.FOCHESATO



Equation (9) states that the material centroid is re-initiated as the volume averaged true sub-zone material centroids, that is the black cross in Fig. 6.



3.4. Remapping of filaments and fragments The previous method is indeed able to detect and reconstruct complex situations given volume fractions. In an ALE or Lagrange+Remap context one also needs to remap this reconstructed material onto a different mesh. In the general case the new mesh may be totally different from the mesh onto which the reconstruction has been made. Consequently we have to exactly intersect the old mixed cell with the new cells, see Fig 6-right. More precisely for a mixed cell with a reconstructed filament or fragment, each sub-zone, a convex polygon, can be intersected with the new mesh. We adopt such a technique here, that is to say each material of each sub-zone in each mixed cell is exactly intersected with the new mesh. These intersection pieces are further collected to provide a volume fraction in the new mixed cells. At the end of the remapping step new volume fractions on the new mesh are retrieved. Notice that even with classical Youngs’ interface reconstruction technique with only two fluids such complicated situation occurs even if the old and new meshes are of the same nature and/or a slight perturbation of one another. As such any remapper from an already existing two-material code with interface reconstruction only needs light revamp to be able to deal with our ASPLIC method.



3.5. Discussion The method is designed so that the material which is tested is the one which may generate filaments or fragments. In other words the algorithm is not reversible by exchanging the material identities. Therefore the test to detect small scale structures must be done for both materials. As for Youngs’ method, boundary conditions are problematic because the method relies on neighborhood. Ghost cells or periodic boundary conditions can be safely used with the current method so far. Further investigations are clearly needed to properly deal with boundary conditions when filaments or fragments are in contact with them. We postpone this difficulty to future work.



4. NUMERICAL EXPERIMENTS In this section we present some of our numerical investigations dedicated to test ASPLIC method implemented into a 2D Eulerian as Lagrange-plus-Remap hydrodynamics code on structured quadrangular grids. The tests have been run in Cartesian geometry for two materials only. The underlying scheme is a 2D extension of the BBC staggered scheme [28], which employs von Neumann and Richtmyer type of artificial viscosity [38]. The remapping step is based on directional splitting with piece-wise linear reconstructions. All tests are designed to enjoy the presence of filaments and/or fragments; some are initialized, some others occur during the simulation. Our validation methodology acts in two phases: First one verifies that the method behaves as expected on simple advection tests§ . Second we validate the potentiality of the method on advanced hydrodynamics tests. Our approach is compared to Youngs’ method which, to be fair, has never been designed to be able to maintain a filament. Nonetheless Youngs’ method thanks to its embedded numerical surface tension, is capable to handle the situation substituting the exact filament shape by bubbly shapes leading to a very robust method. In other words Youngs’ method does not fail, only does it become less accurate in presence of filaments. Four test cases are run and ASPLIC results are compared with Youngs’ method results, see Table I.



§ Notice



that static reconstruction situations have also been used to validate our approach but we omit these results in this paper, see however the presentations [20, 21]. c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls



Int. J. Numer. Meth. Fluids (2013) DOI: 10.1002/fld



11



ASPLIC METHOD FOR FILAMENTS



Test name Filament/fragment motion Ball stretching



Dynamics Advection Stretching



Rider-Kothe [24]



Vortex



Shock/bubble [?]



Instability



Purposes Validation under simple dynamics Validation under dynamics, Transition Youngs’ Ñ ASPLIC methods Mesh convergence, comparison Test of angular defect parameter Under-resolved complex hydrodynamics



Table I. List of test cases used in this paper to validate ASPLIC method.



4.1. Advection test cases In this section we deal with pure advection test cases of given shapes. These are initial filaments or fragments within a coarse enough mesh. The goal of these advection tests is to show that the method can accurately track the motion of a filament across mixed cells. More specifically the transition between ASPLIC method and classical Youngs’ method when no filament situation is detected must be as smooth as possible to avoid spurious numerical phenomena. 4.1.1. Advection of an infinite filament. For this advective test case we consider an infinite vertical filament on domain Ω “ r0 : 1s ˆ r0 : 1s. Periodic boundary conditions are applied. A 21 ˆ 21 quadrangular mesh made of square of size ∆x “ ∆y “ 1{21 is considered. The filament is centered on the 11th row of cells, see Fig. 7. Each mixed cell has a volume fraction fc “ 1{4. The velocity field is U “ p1, 0q. The time step is fixed to ∆t “ 2 ˆ 10´3 which is large enough to genuinely advect some material during one time step. Youngs’ method is not able to provide any initial meaningful cell-centered gradient. Consequently fragments are randomly scattered in mixed cells see Fig.7 top-left panel. In Fig. 7 we also present the results obtained by Youngs’ method for different times t “ 0, 2, 12, 14, 16 and 46 ˆ 10´3 and the exact location of the filament with a dashed green line. Due to a wrong filament reconstruction, material is advected prematurely in the neighbors to the right. When the material is not entirely located in a row of mixed cells (the material is spread on two cells in x direction), the filament shape can be retrieved by the method (t “ 2, 12, 46 ˆ 10´3 ) however the location of the filament is wrong. Such premature advection produces worse results with time and at t “ 46 ˆ 10´3 the filament has flew away from its exact location. Contrarily our approach is able to produce an initial perfect filament associated with exact material centroids, see Fig. 8 top-left panel. Because the material centroids are perfectly advected our method is able to properly advect the filament. When the filament overlays two rows, see Fig. 8 t “ 22 ˆ 10´3 , the classical Youngs’ method takes over and the situation is nicely handled. The transition between Youngs’ and our approach is smooth, it does not create spurious phenomena neither does it destabilize the filament shape. The final position of the filament is also well reproduced. 4.1.2. Advection of a fragment. The next test consists of advecting a fragment in the same domain and conditions as previously described. The center of the fragment is initially located at X “ p0.5, 0.5q. At final time T “ 0.01 it is located at X “ p0.6, 0.5q. The volume fraction is fc “ 1{4. If ∆t is large enough, Youngs’ method can advect the fragment but with a false velocity. The fragment displacement depends on the time step and on the random location of the fragment in the mixed cell. More precisely the fragment can escape the mixed cell with Youngs’ method with more difficulties if the time step is too small and an extreme is situation is reached when the fragment is always located to the upwind side of the mixed cell: it never escapes the mixed cell. The fact that the fragment is advected with classical Youngs’ method relies on random effects. We omit the figures for Youngs’ method. Contrarily our method is able to advect the fragment, see Fig 9, though not exactly. The rough approximation made on the material centroid location and advection (leading to a shape which is not preserved during advection) creates a final advection error of ∆x size. Nevertheless c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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Figure 7. Advection of an infinite vertical filament — Youngs’ method at different times — The dashed green line corresponds to the exact location of the filament.



the apparent advection velocity is reproducible when the time step is reduced or increased, in other word the velocity of the fragment does depend neither on ∆t, nor on random effect.



4.2. Ball stretching A ball centered at Xc “ p0.0, 0.5q of radius Rc “ 0.2 in domain Ω “ r´1.4 : 1.4s ˆ r0 : 1s undergoes a stretching in horizontal direction due to the velocity field upxq “ sgnpxq, v “ 0, where sgnpxq is the sign function. The mesh is coarse on purpose and made of 28 ˆ 10 regular cells. The ball is stretched to a point where the mesh resolution becomes too coarse and a filament occurs. We present in Fig 10 the material interface for several time moments t “ 0, 0.0303T to see the deformed ball before any filament occurs, 0.121T , 0.151T , 0.181T and 0.212 to observe the occurrence of the filament and the late final time T . At the time the filament is created, Youngs’ method is no more able to maintain the continuity of the material as can be seen on the right panels of Fig 10. As time goes some relative large pieces of material are spread away from the bulk creating a bubbly flow. Because the velocity field is ideal (no y component) the material remains in the central line of mixed cells, however any velocity field with non-zero y component would drive the material away from the central line leading to an even worse shape. For this problem ASPLIC method has been triggered for any time step to emphasize its behaviors. We observe that ASPLIC method is able to generate and maintain the filament. The last panel shows that our approach will also break the tips of the filament. This is expected because numerical surface tension still acts for ASPLIC. c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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Figure 8. Advection of an infinite vertical filament — ASPLIC method at different times — The red/blue colored polygons correspond to mixed cells treated by ASPLIC/Youngs’ method. The dashed green line corresponds to the exact location of the filament.



t “ 33.5 ˆ 10´2



t“0



t “ T “ 40.0 ˆ 10´2



Figure 9. Advection of a fragment — ASPLIC method results.



4.3. Rider-Kothe reversed single vortex Rider and Kothe have designed in [24] a test to assess interface reconstruction accuracy. A circle of radius Rc “ 0.15 is centered at point Xc “ p0.5, 0.75q in a unit square domain. Boundary conditions are periodic and the velocity field is given by the stream function Ψ “ 2 2 1 π sin pπxq sin pπyq cospπt{T q. The disk of material is advected by this solenoid velocity field, stretching and spiraling about the center of the domain. The maximal stretching is reached at time t “ T {2, while at final time t “ T the disk has returned to its initial position. We mostly focus on the shape of the disk at maximal stretching. Therefore snapshots at different times and comparison between Youngs’ and ASPLIC method on refined grids are displayed. We c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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Figure 10. Ball stretching problem — Material interfaces at different time levels. Increasing time from top to bottom — Left: ASPLIC approach. Right: classical Youngs’ approach.



do not comment on error measures. In Fig. 11 we gather the results for N ˆ N quadrangle meshes (N “ 32, 64, 128) for Youngs’ method and our ASPLIC approach at maximal stretching t “ T {2 and full reversed time t “ T . In [33] the authors along with earlier researchers have observed that volume tracking methods exhibit break-up of the tail of the vortex if the mesh is not fine enough. We also observe such a behavior for the coarse 32 ˆ 32 mesh in Fig. 11. Refining the mesh somewhat helps to improve this misbehavior, see middle- and bottom-right panels of Fig. 11. We observe that our approach is able to maintain a better filament at maximal stretching though the creation of bubbly flow is not entirely avoided. The final bubble is also compact whereas our implementation of Youngs’ method creates fragments up to the 128 ˆ 128 mesh. In Fig 12 we also present eight different intermediate times for the 32 ˆ 32 mesh: t1 “ 0.025T , t2 “ 0.175T , t3 “ 0.2625T , t4 “ 0.4T , t5 “ 0.775T , t6 “ 0.8625T , t7 “ 0.9T and t8 “ T . Time t2 “ 0.175T c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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Figure 11. Rider-Kothe reversed single vortex test case — N ˆ N mesh with N “ 32, 64, 128 (from top to bottom) — Interfaces at maximal stretching t “ T {2 and full reversed time t “ T for Youngs’ method (green) and ASPLIC method (red).



corresponds to the first break-up of Youngs’ method. Time t3 “ 0.2625T shows the first breakup of our method. Note that Youngs’ method has already split the filament into 7 pieces at t3 . These figures are intended to show that our approach can maintain a better filament for the whole simulation. However it does not cure the inherent numerical surface tension issue of such VOF methods. Next we propose a numerical study of the impact of the defect angle parameter from section 3.1.2 that was previously fixed to default value θ “ π{3. Here we test the values π{6, π{3, π{2 and 2π{3. The results are displayed in Fig. 13. Unless for relative large angle (2π{3 as instance) ASPLIC method seems to be relative insensitive to the value of θ for this test case. Finally in Table II we gather the CPU time of ASPLIC and Youngs’ methods when we employ successively refined grids N ˆ N (with N “ 32, 64 and 128). We notice that ASPLIC costs few percents more than Youngs’ method meaning that the extra cost is rather acceptable. Amazingly ASPLIC is less expensive for the 128 ˆ 128 mesh without clear explanation. Probably a lower number of mixed cells compensates the extra cost of the method. However this is not a general behavior, rather we expect ASPLIC to be slightly more expensive that Youngs’ method in most cases. Methods/N ˆ N Youngs’ ASPLIC Ratio ASPLIC/Youngs’



32ˆ32



64ˆ64



128ˆ128



28s 34s 1.21



201s 212s 1.05



1636s 1576s 0.96



Table II. Rider-Kothe reversed single vortex test — CPU time for Youngs’ and ASPLIC methods.



c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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Figure 12. Rider-Kothe reversed single vortex test case — 32 ˆ 32 mesh — Interfaces at different times for Youngs’ method (green color) and our approach (red color) — From top-left to bottom right: at t “ 0.025T , 0.175T , 0.2625T , 0.4T , 0.775T , 0.8625T , 0.9T and T .



4.4. Bubble shock interaction The computational domain is Ω “ r0; 0.334s ˆ r´0.0445; 0.0445s. The bubble is a disk of center pxc , yc q “ p0.1, 0q and radius Rb “ 0.025 (see Figure 14). Wall boundary conditions are prescribed at each boundary, except the inflow boundary at the left of the domain. The bubble and the air are initially at rest. The initial data for Helium are pρ1 , P1 q “ p0.181875, 105 q, γ1 “ 5{3. The initial data for air are pρ2 , P2 q “ p1, 105 q and its poly-tropic index is γ2 “ 1.4. A post-shock air medium is initialized before the bubble with data pρS , uS , PS q “ p1.376363, 124.824, 1.5698 ˆ 105 q. The final time if t “ 1000µs but several intermediate snapshots are displayed in the next figures. The quadrangular mesh is coarse and made of 167 ˆ 45 cells . A filament of the bubble is created after the shock passed throught the bubble. Next the shock reflects onto the right wall and crosses the bubble for the second time. In Fig. 15 from left to right we present the material interface for ASPLIC (top panels) and Youngs’ (bottom panels) methods for four times (t “ 592µs, 740µs, 888µs, 1000µs). c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls



Int. J. Numer. Meth. Fluids (2013) DOI: 10.1002/fld



17



ASPLIC METHOD FOR FILAMENTS



π{6



π{3
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Figure 13. Rider-Kothe reversed single vortex test case — 32 ˆ 32 mesh — ASPLIC angular defect value π{6, π{3, π{2 and 2π{3 — Interfaces at maximal stretching t “ T {2 and full reversed time t “ T .
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Figure 14. Shock/Bubble interaction test case. A right moving shock compresses some air and an helium bubble initially at rest. The bubble further deforms while traveling away from its initial position.



Note that the domain is rotated counter-clockwise for visualization purposes. The first two times correspond to the early times of the simulation when the shock has driven the bubble in motion. The third time corresponds to the creation of a filament and we observe that Youngs’ method has already created bubbly flow. For the right panels at t “ 1000µs the shock wave has reflected onto the wall and went across the bubble on its way back. Again the filament in front of the bubble should not break apart as is observed with Youngs’ simulation which has de facto created 6 to 8 fragments. Contrarily ASPLIC maintains a good integrity of the filament and the breakup of the filament has occured on the second shock. In Fig. 16 we present the same results with a twice finer mesh in each direction (334 ˆ 90 cells). With this finer mesh Youngs’ method can maintain a filament for a longer time. Nevertheless after the shock has crossed the bubble fragments are already generated while ASPLIC still maintains the filament even after the second impact. Both approaches produce equivalent results for the location of the deformed bubble proving that our approach does not generate inappropriate behaviors such as artificial slowing down or acceleration. c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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Figure 15. Helium bubble shock interaction problem at four intermediate times. Top line: ASPLIC method. Bottom line: Youngs’ method.



Figure 16. Helium bubble shock interaction problem at four intermediate times. Top line: ASPLIC method. Bottom line: Youngs’ method. c 2013 John Wiley & Sons, Ltd. Copyright Prepared using fldauth.cls
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5. CONCLUSION AND PERSPECTIVES In this paper we have developed a method called Adaptive Subdivision Piecewise Linear Interface Calculation (ASPLIC) which is able to handle smaller structures than the characteristic cell size for two material hydrodynamical simulation code on a Cartesian grid. In such situations common wisdom advises to re-run the simulation with a finer mesh. Unfortunately the computer resources, and equivalently the patience of the user are rarely unbounded. Moreover filaments are often temporary structures which may retrieve a bigger size later in the simulation. With classical interface reconstruction techniques, filaments are instantaneously broken apart. The occurrence of such flotsam and jetsam are nothing but numerical artifacts of the material displacement and reconstruction algorithms. Filament and fragment need more than one segment per mixed cell to be represented. In ASPLIC method four segments can be used in a multi-material quadrangle. Moreover an approximation of the material centroid in the mixed cell is moving as a pseudo-Lagrangian particle. This material centroid is further recomputed after each interface reconstruction. Our method first detects problematic mixed cells, then four reconstruction subzones are determined into the mixed cell. The material is further scattered into these sub-zones and interfaces are reconstructed into each of them. Finaly the material centroid is recomputed and advected in order to localize the filament/fragment. This method has been implemented within a 2D Lagrange+Remap multi-material hydrodynamics Eulerian code using a staggered Lagrangian scheme and a directionally split remapping. Numerical results on advection and hydrodynamical test cases have shown that our method can reconstruct and maintain small scale structures such as filament and fragment longer than classical Youngs’ method. Notice that some more advanced reconstruction methods may perform better than Youngs’ one for two or more than two materials when filaments are present within mixed cells (Moment-offluid (MOF) [15, 16, 17], Power Diagram (PD) [3, 13] as instance). But, unavoidably, any method relying on reconstructing only one segment per cell to separate two materials suffers from the same defect when a filament or a fragment occurs. Only some sort of local grid adaptation such MOF with multiple centroids [19], or AMR techniques [14] or an approach like ASPLIC may help. ASPLIC approach was constantly driven by simplicity and robustness constraints. Several steps of the method can surely be improved however more investigations are needed to ensure that robustness is not sacrificed towards accuracy. In the future we plan to investigate the extension of the method to unstructured meshes. In theory the extension is trivial, more segments per mixed cell may be needed but the main concept is not to be modified. Moreover we plan to investigate the centroid advection machinery to make sure the method does not artificially slow down the filament motion. We also need to investigate how to deal with different boundary conditions than periodic ones. The main concepts of ASPLIC can be immediately extented in 3D with the inherent difficulties of any 3D implementation but with a possible gain vastly more appealing.
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