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Keywords: Fluid motion, optical flow, continuity equation, div-curl regularization



ABSTRACT In this paper, we address the problem of fluid motion estimation in image sequences. For such motions, standard dense motion estimation methods, based on intensity conservation and spatial coherence of motion field, are not suitable. This is due to the highly deformable nature of fluid medium. For all applications where fluid motions are to be recovered from images, it is then important to have specific techniques. We investigate such dedicated models which include an original observation constraint, based on the continuity equation from fluid mechanics, and a new div-curl-type smoothness term. Our method is validated on synthetic and real meteorological images.



1 INTRODUCTION The analysis of image sequences showing evolving fluid phenomena has numerous applications in domains such as environmental sciences (meteorology, climatology, oceanography [2]), medical imaging [9] or experimental fluid mechanics [4]. Such analysis which might provide concerned expert with a great deal of valuable informations, requires as a prerequisite to have a good estimation of the instantaneous 2D apparent velocity field (commonly known as optical-flow) of the observed fluid. In Computer Vision, a number of techniques are available to estimate the optical flow. Most of them are based on Horn and Schunck model [6], and consist in the minimization of an energy function composed of two terms, based on two assumptions: A brightness conservation assumption and a spatial coherence assumption. Such standard methods are efficient for non-deformable objects with salient features, but are not adapted in our case. Due to the great deal of spatial and temporal distortions that luminance patterns exhibit in imaged fluid phenomena, the analysis of motion in such sequences is particularly challenging and can hardly be handled with classical Horn and Schunck type models. To cope with these problems, we first propose to introduce a new observation model, not based Author(s):
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on the conservation of brightness, but on the equation of continuity from fluid mechanics [10]. In addition, fluid flows are known to exhibit at some locations concentrations of either divergence or vorticity. This prior knowledge is somewhat in contradiction with the use of a first order regularization which penalizes both the vorticity and the divergence of the flow. Hence, the smoothness constraint has also to be adapted. This is done using a so-called Div-Curl technique. In part 2, we present a standard technique for the estimation of optical flow. In Part 3, we introduce the continuity equation in our data-model. In part 4, an original Div-Curl regularization is presented, and experiments are reported and discussed in Part 5. 2 STANDARD OPTICAL FLOW ESTIMATION Horn and Schunck method is based on an energy function composed of two terms. The first one assumes that a given pixel keeps the same intensity during time, that is dI dt



0,



where I stands for the luminance function, viewed for a while as a continuous function of space and time. By using the chain rule derivation, the resolution of this equation at any location can be set equivalently as the global minimization of:
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∂I where ∇ is the spatial gradient operator, It ∂t is the luminance temporal derivative, T u v is the velocity vector field, and Ω is the image domain. w The second term promotes the spatial coherence of the flow field. It relies on the fact that all points of a given rigid object have the same 3D motion, resulting in “similar” 2D motions (provided that there is not too much range variation). This term is:
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where α 0 is a parameter controlling the balance between the smoothness constraint and the global adequacy to the brightness constancy assumption. The global function H1 w I H2 w . H w I to be minimized is then: H w I



 



 



  



 



3 CONTINUITY EQUATION HYPOTHESIS As mentioned in introduction, a fluid can be exposed to density variations, yielding image intensity variations for some points. Image sequences representing fluid phenomena exhibit areas where the luminance function shows high temporal variations along the motion. These areas are often the center of tridimensional motions which causes the appearance or to the disappearance of fluid matter within the tridimensional visualization plane. These regions are associated to divergent motion which influence greatly the shape of the velocity field in large surrounding areas. The estimation of the 2D apparent motion in that kind of regions is therefore of the highest importance and is hardly possible with the optical-flow constraint equation. Consequently, instead of sticking to 9th International Symposium on Flow Visualization, Heriot-Watt University, Edinburgh, 2000 Editors G M Carlomagno and I Grant
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the intensity conservation assumption, we propose to include in the motion estimator the equation of continuity, as it has already been proposed in [1] [10][11]. Based on the mass conservation law, this equation reads: ∂χ ∂t







 



div χw



0,



where χ denotes the density of the fluid, and w its velocity. The use of continuity equation for image sequences analysis relies on the hypothesis that the image retain the main physical properties of the observed fluid. This critical hypothesis is twofold. First the luminance function is assumed to be somehow related to a passive quantity transported by the fluid. Secondly, the 2D representation of a fluid following a conservation law is assumed to respect a 2D continuity equation. This latter assumption has been theoretically verified in the case of transmittance imaging by Fitzpatrick [3] and extended in [13] for different border conditions. In the present work we will assume these two assumptions. Then, conservation constraint dI 0 is replaced by ∂I div Iw 0. Using dt ∂t ∂I dI div Iw w ∇I Idiv w and ∂t w ∇I dt , this new constraint can be rewritten as:
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Nevertheless, it must be pointed out that this equation is related to fluid velocity and not to particle displacements (contrary to the brightness constancy assumption: I2 s w s  I1 s 0, defined for displacements). This equation can therefore not be directly incorporated in an incremental multiresolution framework as in the brightness constancy case [8]. However, assuming a constant velocity along trajectories (i.e., dw 0), this dt differential equation can be integrated. This yields a new expression of the intensity variation:  I s t exp  ∆t  div w s  I s w s t ∆t



 







     











This equation can now serve as the basis constraint of a new fluid motion estimator. Setting ∆t 1 for notational convenience, an expression of the resulting data-model is:
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The term exp divw s accounts for the intensity loss or gain exhibited by the fluid at locations where the motion is divergent. For example, in case of motion with positive divergence, there is a loss of intensity, which is all the more important than  div w s is large. We can note that if  div w s 0 (as in incompressible fluids), we have to minimize I2 s ws  I1 s which is the same constraint as in standard optical flow techniques.



  















The integrated version of the continuity equation has the advantage to deal explicitly with displacements. An incremental form of this constraint may be readily obtained by a linearization of the weighted displaced luminance function around w s . But in case of large displacements, the domain of linearity drastically reduces; it is very likely not valid for energy term H1 w I . To cope with this point, we prefer to use a robust penalty function ρ1 (known as M-estimator in the field of robust statistics [7]) instead of a quadratic one. A robust function penalizes less drastically large “residuals” than
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quadratic functions do. Dropping the time indices of the luminance function for sake of clarity, this linearization yields:



   ρ exp  div w  s   I˜ s ∇div w  s ∇I˜ s dw  s I˜ s I  s  (2)     where I˜ s  I s  w s   t  1  and dw s  denotes the incremental motion field to recover. In a discrete environment, this equation became:        I  s (3) H dw   ∑ ρ exp divw s   I˜ s  ∇divw s  ∇I˜ s   dw  I˜ s  
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Where S is the image lattice and s a pixel. We now turn to the definition of the smoothness prior to be used in conjunction with this new data energy term. 4 DIV-CURL REGULARIZATION



  







 



 



 



One can demonstrate, by using Euler-Lagrange theorem, that the minimization of H w I is equivalent to the minimization of H1 w I α  Ω div2 w curl2 w . Consequently, it introduces concomitant constraints on the curl and divergence of the flow field. In fluid velocity estimation, this is somewhat not appropriate for two reasons: first, the mass flow conservation law assumes the existence of high divergent areas, which can be attenuated with a first order regularization; secondly, as already mentioned, due to the nature of fluid phenomena, the apparent velocity field may at some locations, exhibits “concentration” of vorticity and/or divergence. The idea behind “div-curl” regularization is then to have a different penalization for div w and curl w in the smoothness term, to encourage one or the other quantity [12] [5]. Following a decomposition of a fluid velocity field in term of laminar, vorticity and divergence components (Helmotz decomposition), it might be relevant to consider different regularization priors on distinct areas of the flow (first order for laminar motion, Div-Curl for divergence or rotational velocity). We therefore introduce a new smoothness term
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where scalars function ξ and ζ are respectively some estimates of the divergence and the curl functions, and λ is a positive parameter. This smoothness prior amounts to a first-order regularization when the estimates of the divergence and the vorticity both approach zero. At the opposite, when they are significantly non-null, a smoothing of the estimated divergence and the curl of the flow field is imposed through the quadratic smoothness term. The first term enforces the vorticity and the divergence of the flow field to comply with their independent estimates. The robust penalty function ρ used in these terms allows nevertheless the actual divergence and curl of the flow to depart significantly from the first order smoothness prior undirectly put on them through ξ and ζ. This is important to recover accurately the various concentrations of divergence and vorticity which are likely to be present. 9th International Symposium on Flow Visualization, Heriot-Watt University, Edinburgh, 2000 Editors G M Carlomagno and I Grant
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As images are actually defined on a discrete pixel grid, one has to discretize the energy function itself, or the Euler-Lagrange partial differential equations issued from the functional minimization. We choose the former technique. The discrete smoothness term to be minimized is then:
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where C is the set of neighboring site pairs with respect to a first-order neighborhood system, and div w s (resp. curl w s ) denotes a discretization of the divergence (resp. the curl) of the vector field w u v . Instead of using the standard central finite difference discretization scheme of such quantities 2
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1   vi  j  1  vi  j  1  i  1  j ui  1  j  2 which does not include the central point i j – and consequently yields some difficulties in the resolution of associated equations –, we rather preferred to use a non-symmetric discretization of the partial derivatives including the current point at which the computation is carried out. This discretization scheme is given by: curl w i j



   curl w i  j  div w i j







1  3ui  j 6







1  3vi  j 6



 



ui  j 



2



vi  j 



2



5











 



6ui  j 



1



6vi  j 



1











2ui  j 



1



2vi  j 



1



   3v    3u  



i j



vi 



2 j



i j



ui 



2 j











6vi 



1 j



6ui 



1 j



 







2vi 



1 j 



2ui 



1  j 







EXPERIMENTAL RESULTS



In this section we present results obtained both on synthetic and real-world sequences. 5.1 Synthetic sequences Our method has been first tested on two synthetic sequences, build by applying a known motion to a real Meteosat image (cf Fig 1). In the first one (Fig. 1 (a) and (b)), a synthetic swirling motion (mix of divergence and rotation ) has been applied. The divergence and the vorticity are constant (0  2 and  0  2 respectively) on the overall image. Figure 2 (a) presents the result obtained for a robust estimator based on optical flow constraint and first-order smoothness [8], while Figure 2 (b) shows the velocity field provided by our adapted Div-Curl method. It can be seen that a generic estimator (even with robust functions) is unable to recover the true divergence / rotational motion. The corresponding maps of vorticity and divergence areas are also presented in Fig 2 (c,d). Those maps enforces the fact that our adapted technique appears to be more efficient than a standard one. The Mean Square reconstruction Error for this robust method is 2182, whereas the one for the adapted smoothness constraint is 489. As reported in the caption of (Fig. 2), 9th International Symposium on Flow Visualization, Heriot-Watt University, Edinburgh, 2000 Editors G M Carlomagno and I Grant



62–5



(a)



(b)



(c)



Fig. 1 (a) Real Meteosat image (visible channel); (b) synthetic swirl (combination of rotation and divergence) applied to image (a); (c) synthetic divergence (zoom in), with a loss of intensity.



(a)



(b)



(c)



(d)



(e)



(f)



Fig. 2 – Swirling motion – (a, c, e): Vector field and corresponding divergence (second line) and vorticity (third line) maps estimated with a robust first order regularization (Mean Div and Curl estimates are 0  16 and  0  11); (b, d, f): with the proposed div-curl smoothing (Mean Div and Curl estimates are 0  18 and  0  17).
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(a)



(b)



(c)



(d)



Fig. 3 – Diverging sequence with loss of intensity – Vector field and divergence map estimated with a first order regularization term and a brightness constancy assumption (a,b), and with with our div-curl technique associated with a data model based on continuity equation (c,d). estimated values of divergence and rotational are also far more accurate with the proposed method. Figures 1 (c) is a synthetic image obtained from Figure 1 (a) by applying a divergence motion with a simulated loss of intensity. More precisely, we multiply the second image by the theoretical coefficient exp  div w exp  0  2 0  818. On this pair of images, we also compare the two techniques, and printed in Figure 3 the estimated vectors fields (a,c) and the corresponding divergence map (b,d). As expected, the generic estimator is not adapted to this situation (Fig. 3 (a)). The brightness constancy constraint is indeed unable to find any corresponding points for a given pixel. Figure 3 (c) presents the result obtained by the proposed model (data model based on the continuity equation associated to our div-curl smoothness term). In addition with this visual results, a quantitative comparison based on the estimated divergence (0  44 for Fig.3(a) and 0  27 for Fig.3(b)) shows clearly the superiority of the proposed method.







 











5.2 Real sequence Let us now see results on two real sequences1. The first one is issued from the infra-red channel of Meteosat (Fig.4 a,b). It has been shot the 21st of January 1998 and shows a through of low pressure together with a big advancing cloud structure – located on the upper right part of the image. Figures 4(c) and 4(d) show, for two consecutive images of that sequence, the velocity fields estimated with the robust generic technique and with the proposed dedicated method. The corresponding maps of vorticity and divergence are also presented figure 5. In the two cases, the flows recovered are physically plausible. Nevertheless, the generic estimator seems to smooth out too much the rotational and the divergence parts of the motion field. In the dedicated case the swirling motion of the through of low pressure is enforced and the diverging motion of the upper right structure may be more clearly observed. These observations may also be done on the associated vorticity and divergence maps (Fig. 5). These maps shows clearly the ability of the dedicated approach to estimate higher value of divergence and vorticity (Fig. 5 c and 5d). The second satellite sequence (Fig. 6) we have considered to evaluate the proposed method is a water vapor image sequence shot the 4th of August 1995. This sequence 1 The



two complete sequences and the results can be played at http://www.irisa.fr/vista/Themes/Demos/MouvementFluide/fluide.english.html 9th International Symposium on Flow Visualization, Heriot-Watt University, Edinburgh, 2000 Editors G M Carlomagno and I Grant
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(a)



(b)



(c)



(d)



Fig. 4 –Infra-red Meteosat sequence – Two consecutive images (a,b); motion fields estimated with the robust generic technique (c) and with the dedicated method (d)



(a)



(b)



(c)



(d)



Fig. 5 – Infra-red Meteosat sequence – Divergence (first line) and vorticity (second line) maps estimated with the generic robust technique (a,c) and with the dedicated div-curl approach (b,d). 9th International Symposium on Flow Visualization, Heriot-Watt University, Edinburgh, 2000 Editors G M Carlomagno and I Grant
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represents a through of low pressure on the left part of the image and a set of active convective cells on the right part. Water-vapor images contains many relevant informations for specialists. But, due to their low photometric contrast, their study is a tough problem. The figure 6(c) and (d) presents the motion fields estimated on 2 consecutive images of



(a)



(b)



(c)



(d)



Fig. 6 – Water vapor image sequence – Two consecutive images (a,b); motion fields estimated with the robust generic technique (c) and with the dedicated method (d) the sequence with the generic motion estimator and with the dedicated technique. The motion fields obtained shows clearly the differences between the two approaches. The generic technique smooth out in such way the velocity field that the swirling motion of the through of low pressure is completely lost. At the opposite, the dedicated model demonstrates its capacity to recover such motions in low contrast situations. The vorticity and divergence maps obtained for the dedicated div-curl estimator may be visualized figure 7. 6 CONCLUSION In this paper, we have presented a new method for estimating fluid flows. This is an extension of energy-based generic robust models (as the one in [8]). It is obtained by introducing physical notions of fluid mechanics in the observation term, and by the use of an original Div-Curl regularization. This new technique has been validated on both synthetic and real sequences, and with the three kind of Meteosat images (issued from visual, infra-red and water vapor channels). This specialized optical-flow estimation model performs better than the generic models in presence of fluid motions. It has been especially proved useful in recovering rotational and divergent local motions which are of critical importance in analyzing, understanding (and predicting) fluid phenomena. REFERENCES [1] Béréziat D, Herlin I, and Younes L. Motion estimation using a volume conservation hypothesis. Proc ICASSP’99, Vol. 6, pp 6–9, Phoenix, AZ, USA, 1999. 9th International Symposium on Flow Visualization, Heriot-Watt University, Edinburgh, 2000 Editors G M Carlomagno and I Grant
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(a)



(b)



(c)



(d)



Fig. 7 – Water vapor image sequence – maps of divergence (a,b) and vorticity (c,d) estimated with the generic (left column) and dedicated (right column) estimator [2] Cohen I and Herlin I. Optical flow and phase portrait methods for environmental satellite image sequences. Proc ECCV’96, pp II:141–150, Cambridge, UK, April 1996. [3] Fitzpatrick J. The existence of geometrical density-image transformations corresponding to object motion. Comput. Vision, Graphics, Image Proc., Vol. 44, No 2, pp 155–174, 1988. [4] Ford R and Strickland R. Representing and visualizing fluid flow images and velocimetry data by nonlinear dynamical systems. Graph. Mod. Image Proc., Vol. 57, No 6, pp 462–482, 1995. [5] Gupta S and Prince J. Stochastic models for div-curl optical flow methods. Signal Proc. Letters, Vol. 3, No 2, pp 32–34, 1996. [6] Horn B and Schunk B. Determining optical flow. Artificial Intelligence, Vol. 17, pp 185– 203, 1981. [7] Huber P. Robust Statistics. Wiley, 1981. [8] Mémin E and Pérez P. Dense estimation and object-based segmentation of the optical flow with robust techniques. IEEE Transaction on Image Processing, Vol. 7, No 5, pp 703–719, 1998. [9] Nogawa H, Nakajima Y, and Sato Y. Acquisition of symbolic description from flow fields: a new approach based on a fluid model. IEEE Trans. Pattern Anal. Machine Intell., Vol. 19, No 1, 1997. [10] Schunk B. The motion constraint equation for optical flow. Proc ICPR’84, pp 20–22, Montreal, 1984. [11] Song S and Leahy R. Computation of 3-d velocity fields from 3-d cine CT images of human heart. IEEE Transactions on Medical Imaging, Vol. 10, No 3, pp 295–306, September 1991. [12] Suter D. Motion estimation and vector splines. Proc CVPR’96, pp 939–942, Seattle, June 1994. [13] Wildes R.-P, Amabile M.-J, Lanzillotto A.-M, and Leu T.-Z. Physically based fluid flow recovery from image sequences. Proc CVPR’97, pp 969–975, 1997.
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