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A basic problem in the Calculus of Variations The problem Z To minimize J : u 7→



F (∇u(x)) dx Ω



u|∂Ω = φ



The data I Ω an open bounded (smooth) set in Rn I F : Rn → R a (smooth) Lagrangian I φ : ∂Ω → R a (smooth) boundary condition
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1st Example : the Dirichlet problem



Z To minimize J : u 7→



|∇u(x)|2 dx



Ω



u|∂Ω = φ



If u is a minimum, then it is a solution of the Euler equation: ∆u(x) = 0 u|∂Ω = φ
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2nd Example : the minimum area problem



To minimize J : u 7→



Z p 1 + |∇u(x)|2 dx Ω



u|∂Ω = φ



( γ, ϕ(γ) )



γ
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2nd Example : the minimum area problem



To minimize J : u 7→



Z p 1 + |∇u(x)|2 dx Ω



u|∂Ω = φ
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Hilbert’s problems in the calculus of variations The 20th problem ‘Has not every regular variational problem a solution, provided certain assumptions regarding the given boundary conditions are satisfied and provided also if need be that the notion of a solution shall be suitably extended ?’



The 19th problem ‘Are the solutions of regular problems in the calculus of variations always analytic?’
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The existence problem : the finite dimensional case



To minimize J : x ∈ Rn 7→ J(x) ∈ R+ . The Direct Method I I



I



(xk )k a minimizing sequence : J(xk ) → inf x∈Rn J(x) if J coercive, then (xk ) bounded and there exists a subsequence converging to x if J lower semicontinuous, then lim inf J(xk ) ≥ J(x). k→+∞



Hence, x is a minimum.
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Direct method and Sobolev spaces I The set of admissible functions should have I many open sets for J to be lower semicontinuous... I ...but not too many for bounded sets to be sequentially compact Sobolev Spaces  W 1,1 (Ω) := u ∈ L1 (Ω) : ∇u ∈ L1 (Ω) Traces of Sobolev maps The map originally defined on C 1 (Ω) u 7→ u|∂Ω extends as a continuous linear map from W 1,1 (Ω) onto L1 (∂Ω).



8 / 12



Direct method and Sobolev spaces II Standing assumptions on F I F is superlinear (F (p)/|p| → +∞ when |p| → +∞) I F is convex



Theorem (Tonelli, Sobolev, Morrey...) There exists a minimum in Wφ1,1 (Ω).



The regularity problem I I



Is u continuous on Ω? Is u differentiable in Ω?
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A continuity result on convex domains



Theorem (B.) Assume that I F strictly convex and superlinear I Ω convex I φ continuous Then the minimum in W 1,1 (Ω) is continuous on Ω.



10 / 12



A continuity result for radial Lagrangians



Theorem (B.) Assume that I F strictly convex and superlinear I F depends only on the norm of the gradient F (p) = f (|p|) I Ω smooth I φ continuous Then the minimum in W 1,1 (Ω) is continuous on Ω.
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A word about the proof



(γ,ϕ(γ))



γ



(δ,ϕ(δ))



δ
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