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A New Algorithm for Error-Tolerant Subgraph Isomorphism Detection Bruno T. Messmer and Horst Bunke, Member, IEEE Computer Society Abstract—In this paper, we propose a new algorithm for error-correcting subgraph isomorphism detection from a set of model graphs to an unknown input graph. The algorithm is based on a compact representation of the model graphs. This representation is derived from the set of model graphs in an off-line preprocessing step. The main advantage of the proposed representation is that common subgraphs of different model graphs are represented only once. Therefore, at run time, given an unknown input graph, the computational effort of matching the common subgraphs for each model graph onto the input graph is done only once. Consequently, the new algorithm is only sublinearly dependent on the number of model graphs. Furthermore, the new algorithm can be combined with a future cost estimation method that greatly improves its run-time performance. Index Terms—Graphs, subgraph isomorphism, graph matching, error-correcting graph matching, search, graph algorithms, graph decomposition.
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1 INTRODUCTION



D



to their representational power, attributed graphs are widely used in various domains of computer science. Particularly in computer vision and pattern recognition, they have been used to represent complex structures such as Chinese characters [11], hand-drawn symbols [10], aerial road network images [3], 3D-objects [24], [4], and others. In many applications, these complex structures must be classified, detected, or compared to each other by means of some matching scheme. By using attributed graphs for the representation, the matching process can be formulated as a search for graph or subgraph isomorphisms. However, real world objects are often affected by noise such that the graph representations of identical objects may not exactly match. Thus, it is necessary to integrate the concept of error correction into the matching process. Depending on the problem domain, correspondences between the models and the input graph can then be established by searching for either error-correcting graph isomorphisms between the models and the input, error-correcting subgraph isomorphisms from the models to the input, or error-correcting subgraph isomorphisms from the input to the models. Because errorcorrecting graph isomorphism is a special case of errorcorrecting subgraph isomorphism, and because input graphs are often larger than model graphs, we are particularly interested in the problem of error-correcting subgraph isomorphism detection from a set of models to an input graph. It is well known that subgraph isomorphism detection is an NP-complete problem [8]. For example, the number of UE
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computational steps required to detect all subgraph isomorphism from one graph to another is exponential in the size of the underlying graphs. Consequently, errorcorrecting subgraph isomorphism detection is also in NP and generally harder than exact subgraph isomorphism detection. In the past, various approaches to error-correcting subgraph isomorphism detection have been proposed. The * most common approach is based on tree search with the A * algorithm [15]. The search space of the A algorithm can be greatly reduced by applying heuristic error estimation functions. In the domain of computer vision, numerous heuristics have been proposed [24], [22], [5], [17], [18], [1]. All of these methods are guaranteed to find the optimal solution but require exponential time in the worst case. Random methods, on the other hand, are polynomially bounded in the number of computation steps but may fail to find the optimal solution. For example, in [9], [3] a probabilistic relaxation scheme is described, which works well for large graphs, but may miss the optimal match in some cases. Other approaches are based on neural networks such as the Hopfield network [6] or the Kohonen map [26]. However, all of these random methods may get trapped in local minima and miss the optimal solution. An additional problem in many applications is that there is not only one, but several a priori known model graphs that must be matched onto a single input graph. The methods for error-tolerant graph matching mentioned so far work on only two graphs at a time. Thus, for databases which contain more than one model graph it is necessary to apply the graph matching method to each model-input pair, resulting in a linear dependency on the size of the database. This may be prohibitive for large databases. In order to overcome this problem, some authors proposed to organize the database of graphs such that the number of error-correcting subgraph isomorphism searches can be reduced. For example, in [19], [21], [20], a hierarchical organi-
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zation of the database was proposed, where the hierarchy is determined by clustering the model graphs into similarity classes. For a given input graph, the hierarchy is traversed by first matching the input graph onto the root of the hierarchy and then choosing the branch that represents the class of model graphs which are most similar to the input. The indexed class of model graphs is then again clustered into similarity classes or, if only few models are left, each of them is directly matched with the input graph. Another hierarchical organization was proposed in [16], where at the root of the hierarchy a supergraph, consisting of different distinct subgraphs of the model graphs is placed and matched against the input. The disadvantage of this scheme, however, is that the root graph may become much larger than the individual model graphs and thus the first matching process may be more time consuming than the sum of each individual graph match between a model and the input. In this paper, we present a new approach to the problem of error-correcting subgraph isomorphism detection between a database of model graphs and an unknown input graph. The approach is based on a compact representation of the model graphs. This representation is derived from the model graphs in an off-line preprocessing step. In this preprocessing step, the model graphs are decomposed into smaller subgraphs and represented in terms of these subgraphs. If a subgraph appears multiple times within the same model graph or in different models, it will be represented only once. Hence, the resulting representation of the models is very compact. At run time, this compact representation is used to efficiently detect error-tolerant subgraph isomorphisms from the model graphs to the input. Common subgraphs that are part of different model graphs are matched only once with the input. Consequently, the complexity of the new algorithm is only sublinearly dependent on the size of the database. Furthermore, the algorithm can be combined with a very efficient future cost estimation technique. The rest of this paper is organized as follows. In Section 2 the main definitions and notation that will be used throughout the paper are given. A description of the new algorithm is given in Section 3. In Section 4, a number of practical experiments are described. Finally, in Section 5 a discussion and conclusions are provided.



2 DEFINITIONS AND NOTATION The algorithms presented in this paper work on labeled graphs. Let LV and LE denote the set of vertex and edge labels, respectively. DEFINITION 1. A graph G is a four-tuple G = (V, E, µ, ξ), where • • • •



V is the set of vertices, E ⊆ V × V is the set of edges, µ: V → LV is a function assigning labels to the vertices, ξ: E → LE is a function assigning labels to the edges.



In this definition, the edges are directed, i.e., there is an edge from v1 to v2 if (v1, v2) ∈ E. For graphs with undirected edges, we require that (v2, v1) ∈ E for any edge (v1, v2) ∈ E.



DEFINITION 2. Given a graph G = (V, E, µ, ξ), a subgraph of G is a graph S = (Vs, Es, µs, ξs) such that 1)Vs ⊆ V 2)Es = E > (Vs × Vs) 3)µs and ξs are the restrictions of µ and ξ to Vs and Es, respectively, i.e.,



m 0v5 0 5 %&'undefined %x0e5 x 0e5 = & 'undefined



ms v =
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if v ¶ Vs otherwise if e ¶ Es otherwise



From this definition it is easy to see that, given a graph G, any subset of its vertices uniquely defines a subgraph of G. We use the notation S ⊆ G to indicate that S is a subgraph of G. DEFINITION 3. Given a graph G = (V, E, µ, ξ) and a subgraph S = (Vs, Es, µs, ξs) of G, the difference of G and S is the subgraph of G that is defined by the set of vertices V − Vs. The difference of a graph G and a subgraph S of G is denoted by G − S. DEFINITION 4. Given two graphs G1 = (V1, E1, µ1, ξ1), G2 = (V2, E2, µ2, ξ2), where V1 > V2 = ∅, and a set of edges E′ ⊆ (V1 × V2) < (V2 × V1) with a labeling function ξ′: E′ → LE, the union of G1 and G2 with respect to E′ is the graph G = (V, E, µ, ξ) such that 1)V = V1 < V2 2)E = E1 < E2 < E′ µ 1 v if v ∈ V1 3) µ v = µ 2 v if v ∈ V2
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The union of two graphs G1 and G2 with respect to a set of edges E′ according to Definition 4 will be denoted by G1 
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