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A Myocybernetic Control Model of Skeletal Muscle H. Hatze National ResearchInstitutefor MathematicalSciences,CSIR, Pretoria, SouthAfrica



Abstract. A mathematical model of skeletal muscle is



presented which contains the two physiological control parameters stimulation rate and motor unit recruitment. The model is complete in the sense that it adequately describes all possible contractive states normally occurring in living muscle. The modelling procedure relies entirely on established myo-physiological facts and each assumption made is substantiated by experimental data. Extensive simulation studies reveal that the model is capable of correctly predicting practically all known phenomena of the muscular force-output. A simplified version of the model is also presented, particularly suitable for inclusion as the driving structure in complex musculoskeletal link systems. This version was successfully tested in the prediction of an optimal human motion. The present control model is believed to fill a gap in the literature on models of muscle, and may be expected to provide a sound basis for research into the optimal control aspects of muscular contraction, and to stimulate such research.



Introduction



Skeletal muscle as the propellant of animal motion presents a special challenge to the biomathematician not only because the behaviour of this structure is highly complex and nonlinear, but also because any successful mathematical model of skeletal muscle must be capable of predicting a wide variety of experimentally established phenomena. Many models of muscular contraction have been proposed, some of which attempt to explain the contractive process at the molecular level (for an excellent review of these modelling attempts see Needham, 1971), while others are phenomenological in nature, endeavouring to simulate the macroscopic behaviour of muscle in



different contractive situations (Carlson, 1957; Williams and Edwin, 1970; Crowe, 1970; Green, 1969; Bahler, 1968, etc.). T. L. Hill (1974) has recently outlined the general theory that connects the biochemistry of muscular contraction with the mechanics. In his paper he does not favour a particular model (except the sliding filament model of A.F. Huxley, 1957) but rather demonstrates that any successful mathematical model of muscle must be based on the established molecular facts of filamentary interaction. Hill also shows that the functional behaviour of all the elements of the contractile machinery is nonlinear. The same has been demonstrated to hold true for the passive structural elements of muscle, such as the series elastic element (Bahler, 1967; Jewell and Wilkie, 1958; Hill, 1950a; Wilkie, 1956) and the parallel elastic element (Hefner and Bowen, 1967; Jewell and Wilkie, 1958; Yamada, 1970; and others). The only element that has been found to behave linearly is the viscous damping component which lies parallel to the parallel elastic element (Alexander and Johnson, 1965; Buchthal and Kaiser, 1951; Fung, 1970; Walker, 1960). In view of these facts it is rather surprising and perhaps somewhat unfortunate that even today mathematical models of muscle should appear (O~uzt6reli and Stein, 1975; Bawa, Mannard and Stein, 1976) which revert to the relinguished concept of linear springs and dashpots. A.V.Hill stated as early as 1938 that "The viscosity hypothesis must be dismissed" (A.V.Hill, 1938, p. 184) because it contradicts the experimental facts of the force-velocity relation and the energy liberation in muscle-shortening and lengthening. It is, of course, true that the analysis of a model described by linear differential equations with constant coefficients, via a Laplace transform, requires much less effort than the analysis of a nonlinear model. It is also true that a linear model has its merits in predicting responses for a restricted range



104



of inputs. Nevertheless, it is questionable whether the effort saved when a nonlinear system is treated as linear outweighs the dangers inherent in such an approach. In fact, the futility of modelling highly nonlinear systems by linear equations is now generally recognized by engineers and mathematicians. It should, however, be mentioned that Stein and O~uzt6reli (1976) appear to be aware of the limits of the validity of their model, in view of their remarks on p. 148 of their paper. In the development of the control model of skeletal muscle to be presented here, it was a primary objective that the two physiological controls motor unit recruitment and stimulation rate should appear explicitly as control parameters, Such a model has not yet appeared in the literature except for an account of the application of the present model in the successful optimization of a human motion (Hatze, 1976). The single muscle fibre will be treated first and the properties of the total muscle will then follow from the appropriate combination of single fibres and the inclusion of other connective tissue. It should be stressed that the arrangement shown in Figure 1 actually constitutes a lumped model of the real distributed system. The force generators in the real fibre are arranged in compartments (sarcomeres), each of which has a structural model of the type shown in Figure 1. It is, however, not difficult to show that the lumped model represents an equivalent representation of the distributed system if it is assumed that all t h e sarcomeres of a fibre are excited at about the same time. The exact anatomical locations of the parallel and series elastic elements are not known (for a discussion of this problem see Jewell and Wilkie, 1958). However, their functional characteristics have been determined by many investigators (Bahler, 1967; Hill, 1950a; Jewell and Wilkie, 1958; Wilkie, 1956; Yamada, 1970; etc.). There have also been a number of recent attempts to derive constitutive equations for the force-bearing components collagen and elastin, present in the tissues of the PE and SE (Haut and Little, 1972; Soong and Huang, 1973). All of these investigations indicate that the elastic behaviour of the PE and the SE are similar and can be described by fEL = Cl (exp (c2 ~) _ 1),



(1)



where f~L denotes the elastic force across the PE or SE, cl and c2 are constants, and ~ is the relative extension of the elastic element in question. Parmley and Sonnenblick (1967), and more recently Glantz (1974) and Hatze (1974) have also used this model to characterize the stress-strain relation of the elastic elements. The mathematical model to be presented here is based on the molecular facts of muscular contraction
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--N PE Fig. 1. Diagrammatic.representation of the arrangement of the three basic elements in the lumped model of the muscle fibre (for a description see text). The symbols and their meanings are a s follows: l ... fibre length, 2 and 2~ ... length of the contractile element CE and series elastic element SE respectively, f . . . force across the total muscle fibre. The symbol PE stands for parallel elastic element



and accounts for all the nonlinearities occurring in the active and passive structural elements of skeletal muscle. Yet the resulting set of nonlinear first order differential equations describes the behaviour of the muscle at a macroscopic level and is therefore well suited for all problems in which the muscle is to be regarded as the controlled effector of animal motion. It must, however, be emphasized that the control parameters appearing in the model are regarded as independent of each other, and of the state variables, i.e. servo loops existing in the neuromuscular system are not included in the model. As will be shown, the control parameters are nevertheless bounded and the control region is therefore a two-dimensional parallelepiped. The state variables will appear in normalized form, i.e. only relative values will be considered. A dot above a symbol always indicates its derivative with respect to time (e. g.//= dtl/dt).



The Structural Elements of Skeletal Muscle



It is generally accepted that skeletal muscle (muscle fibre) may be viewed as consisting of three basic structural elements: the active and controllable contractile element CE, the passive and negligibly damped series elastic element SE and the passive, damped parallel elastic element PE. The arrangement of these components is shown in Figure 1, although a configuration with the PE in parallel with the CE would also be possible. The damping component of the SE has been found to be negligibly small (Bahler, 1967; Woledge, 1961) while Alexander and Johnson (1965), Buchthal and Kaiser (1951), Fung (1970), Walker (1960) and others have demonstrated the presence of a considerable viscous effect in resting muscle. We are thus led to the



105 following equation describing the functional behaviour of the damped PE"



feE/f = C', (exp (c~ ~') -- 1) + c; ~',



(2)



where fPE denotes the force across the PE of the fibre, f is the maximum tetanic tension developed by the contractile element CE of the fibre, c~, cz, and c~ are constants, and ~' is given by t



~' =



(t - lo)flo,



t



= (/]'s --/l'sO)/(;s 1 -- ;sO)'



(4)



where 2, is as given in Figure 1, 2,o is the rest length of the SE and 2,1 is the length of the SE when fSE = f . Then according to (1) we have 1)/(e~ - 1),



(5)



in which a denotes a constant having values in the range of 1.3 to 3.5 for most muscles. Let [ be that length of the fibre at which the CE u p o n maximum stimulation and under isometric conditions produces the force ~ After internal shortening of the CE against the SE has ceased, the length of the CE will be 7L (having been 2 o prior to stimulation) and that of the SE will be 2~. Hence I = 2 + 2 ~ =2o+2~o.



(6)



Define ~ by



~= G,



-



f = f s E +fPE



(9)



and fcE = f s E .



(10)



It remains to establish the expressions for the force production of the contractile elementCE.



(3)



lo being the rest length of the PE. The length I of the muscle fibre is as defined in Figure 1. For the SE it is possible to define a normalized stress-strain relation in terms of fibre constants as follows. Let



fsE/f=(e~



The following force relations are obvious from Figure 1 :



&0)fi-,



(7)



which is the normalized extension of the SE relative to the fibre (muscle) optimum length when the force f is applied. This variable has been defined because its values for different types of muscle are available in the literature (Bahler, 1967). These values range from 0.03 0.04 for frog sartorius muscle to 0.05-0.15 (Wilkie, 1949) for mammalian skeletal muscle. Since in general (see Fig. 1) 2~=1-2, expressions (6) and (7) may be substituted into (4) to yield 8 = (1- 2 + .~- (1 - [) 1)/~l,



(8)



which may now be used in (5). It should be noted that the normalized force fSE/f across the SE is now given in terms of the instantaneous values l and 2, and the constants 2, [, and [ of the fibre (muscle). The variable 2s has therefore been eliminated in favour of the observables 1and 2.



The Functional Properties of the Contractile Element It is now generally accepted that the force produced by the CE is due to the interaction, via so-called cross-bridges, of the myosin and actin filaments of the muscle fibre. In fact, the cross-bridges are part of the myosin filament, being the heavy-meromyosin (HMM) subunits projecting out of the lightmeromyosin assemblage which constitutes the backbone of the myosin filament. The H M M subunits, in turn, each consist of two rod-like subunits HMM-S 2, each of which carries a globular head subunit HMMS 1 (Lowey, Slayterl Weeds and Baker, 1969). The globular heads, to which the energy providing ATP molecules are presumed to bind in the presence of Ca ions, are thought to provide the direct link with the actin filaments. The contractive force produced by a muscle fibre is thus equal to the sum of the forces produced by all the cross bridges in one half-sarcomere of the fibre, at any instant of time. Because the propagation velocity of the Ca ions moving from the terminal cisternae into the sarcoplasm is finite (J6bsis and O'Connor, 1966), the onset of the contractive cycle of different sets of cross-bridges along the myosin filament upon stimulation will be successive. That this is indeed the case has been demonstrated by Huxley and Taylor (1958). Instead of considering the contractive state of each set of cross-bridges, it is possible to define an "average contractive force" of all the cross-bridges at a given instant of time (Hatze, i973). The total fibre force is then equal to the sum of all the cross links existing in one half-sarcomere, each of which crosslinks produces that average contractive force. The number of cross-links formed is a function of the active state of the fibre (defined below), the degree of filamentary overlap (Gordon, Huxley and Julian, 1966) and, presumably, the velocity of shortening or lengthening of the contractile element (Huxley, 1957). On the other hand, the average force output of the cross-bridges is postulated to depend on the velocity of the interfilamentary movement and on certain intermolecular forces. This postulate is, in fact, a result of the predictions of a mathematical



106 model associated with a molecular theory of muscular contraction (Hatze, 1973). This theory incorporates the sliding filament hypothesis and is based On the assumption that the chemical energy available for the contraction process is first converted into electrical energy and then into mechanical work and heat. Owing to the highly speculative nature of the proposed hypothesis it is somewhat unlikely that it describes an actual contraction mechanism. However, the merit of the theory lies in the unusual capability of the associated mathematical model to predict known muscular phenomena such as heat, work and metabolic rates, the well-known features of the stretched, stimulated muscle and the force-velocity relation for all shortening and lengthening velocities. Owing to its predictive power, the model will be used later in this paper to obtain part of the functional properties of the contractile element. The first factor influencing the number of crossbridges attached to the actin filament is the active state q of the muscle fibre. In accordance with Ebashi and Endo (1968, p. 139) we define the active state q to be the relative amount of Ca bound to troponin. If the maximum number of potential interactive sites on the actin filament is exposed by the action of calcium then q = 1, while in resting muscle q=qo. From the above definition of the active state it is clear that the isometric tension developed by a muscle fibre at a given length 2 of the CE is directly proportional to q. Define ~ to be the difference between the real free Ca ion concentration 7r and the free Ca ion concentration 7o in the resting fibre, i.e., 7=7r-7o. Since the value ofT0 is about 1 x ] 0 - 9 t o 8 • 10 - 9 M (Ebashi and Endo, 1968; Gillis, 1969) and the value for the mechanical threshold is in the region of 4 x 10 -7 to 8 x 1 0 - 7 M (Ebashi and Endo, 1968), it is clear that for all practical purposes we have 7 = 7~. Let now p = dq/d7 denote the Ca concentration rate of change of the active state q. For the process of the binding of the Ca ions to the troponin-tropomyosin complex in the presence of a varying Ca concentration, one would expect, at a fixed length 2, an increment 6p for a given increment 6y of the free Ca ion concentration to be proportional to the difference between the maximum and the present value of q, controlled by a negative feedback loop. There is strong experimental evidence (Bahler et al., 1967; Jewell and Wilkie, 1960; Rack and Westbury, 1969) that such a relationship may also depend on the length 2 of the CE. The above state of affairs may be expressed by



@/@ = rl (4) (1 -- q)-- r2 (~) p, (11) where r 1({) and r2(4) are functions (yet to be determined) of the normalized length {, defined by 4 = 2/%. (12)



A relationship of the form (11) has indeed been found repeatedly in experiments on the isometric tension development of skinned fibres when the Ca concentration of the bathing solution was varied (Fig. 3 of Ebashi and Endo, 1968; Julian, 1971). Letting 67--,0 in (11), and holding 4 constant, we obtain



clp/& = (tip~tit) (a/cl~) = rl (4) (1 - q ) - r2 (4) p , which together with the definition of p yields the differential system 0=90,



q(O)=q0



= ~ [r 1 (4) (1 - q) - r2 (4) p ] ,



p (0) = o .



(13)



Putting r 1(4) = 02 (4) and r2 (4) = 202 01 ({), the analytical solution of (13) for 02 > 1 is found to be (for 4 constant)



q(t, 4)= 1 - ( 1 - qo) [ml (4) exp {m2 ({) y(t)} - m2 (4) exp {m1({) 7 (t)}]/(rn 1(4)- m2 ({)),



(14)



where ma,2 (3)= 01 (4) [ - 02 4-(02 _ 1)~].



(15)



Equation (14) tells us that if we know the response 7 (t) to a single stimulating nerve volley, or a train of impulses, the time course of the active state q is also known provided, of course, an appropriate expression has been obtained for r1(4 ) and r2(4), i.e. for 01 (4) and 02. There is strong experimental evidence that the release of Ca ions from the sarcoplasmic reticulum and hence the free Ca concentration 7 in the interfilamentary space is the response, to a spike-like stimulus, of a second order system. Indeed, J6bsis and O'Connor (1966) have directly measured the time course of 7 in the sartorius muscle of the toad (see their Figs. 1-3) and obtained a function which closely resembles the delayed response of an overcritically damped second order system. The investigations of Hodgkin and Horowicz (1960) also point in this direction. Finally, Ebashi and Endo (1968) point out that the depolarization of the tubular membrane seems to have two effects on the sarcoplasmic reticulum: the first one causing a release of Ca, the other a re-uptake of Ca. More specifically, experimental evidence has now accumulated (Constantin and Podolsky, 1966; Natori, 1965; Peachy, 1965), which strongly suggests, as the direct cause of Ca release from the sarcoplasmic reticulum, a direct depolarization of the membrane of the sarcoplasmic reticulum by the depolarizing potential of the T-tubular system. Estimates of the size of the sarcoplasmic membrane potential range from 0.5-1.5 mV (Ebashi and Endo, 1968). We are therefore justified in regarding 7 as the output of an electrical second order system, the input "



107 of which is the depolarizing potential T-system. Hence ~ is defined by



p+q)+C27=C3VTfl(t),



VTfl(t)



7(0)=)(0)=0,



of the (16)



where ca, c2, c 3 are constants and VT is about 0.05 V (using an estimate of Ebashi and Endo, 1968). As regards the signal Vrfl(t ) in the interior of the T-system, it is now fairly certain (Huxley and Peachey, 1964) that this is due either to direct conduction of the action potential of the surface membrane, or to electrotonic spread of the surface potential down the T-system. The form of the potential Vrfi(t ) will therefore resemble that of the surface action potential. The latter, in turn, is known to be the result of the electro-chemical transmission of the nerve impulse VNc~(t) arriving at the motor endplate of the fibre (see, for example, Del Castillo and Katz, 1956). The work of Adrian, Chandler and Hodgkin (1969), Falk (1968), and Falk and Fatt (1964) indicates that the neuromuscular junction and the T-system are to be regarded as complex electrical networks. However, for the purpose of obtaining the response Vrfl(t ) to the nerve input VNc~(t), the total membrane system may be modelied (as wilI be shown below) as a lumped second order system described by



fl+c41~A-csfl=c6VNo~(t),



fl(O)=/~(O)= 0,



(17)



where c4, c5, c 6 are constants and VN= 90 mV (Eccles, 1973). Although the nerve potential VN~(t) must also be regarded as the response of an electrical second order system, its shape may be closely approximated by a half-sine wave with a half-period of 1 ms (see, for example, Fig. 4.24 of Walsh, 1964). Normally, a muscle fibre is stimulated by trains of nerve impulses occurring at variable intervals ~, i. e. c~(t)=



sinlOOOn(t-ti)



=0



otherwise,



for



ti 
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