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共Received 27 November 2002; accepted 9 September 2003; published 21 October 2003兲 In this paper we present a new dynamic methodology to compute the value of the numerical coefficient present in numbers of subgrid models, by mean of a multilevel approach. It is based on the assumption of a power law for the spectral density of kinetic energy in the range of the highest resolved wave numbers. It is shown that this assumption also allows us to define an equivalent law for the subgrid dissipation, and to obtain a reliable estimation for it through the introduction of a three-level flow decomposition. The model coefficient is then simply tuned dynamically during the simulation to ensure the proper amount of subgrid dissipation. This new dynamic procedure has been assessed here in inviscid homogeneous isotropic turbulence and plane channel flow simulations 共with skin-friction Reynolds numbers up to 2000兲. © 2003 American Institute of Physics. 关DOI: 10.1063/1.1623491兴



I. INTRODUCTION



from a general unadapted level of subgrid dissipation. An alternative is the incorporation of a coefficient in the model, which should ensure a good level of dissipation, as it was proposed for scale-similarity models by Liu et al.,2 Cook,8 or Maurer and Fey,9 for instance, or equivalently a modification of the constant present in eddy-viscosity closures. Germano et al.10 have introduced a way of modifying the coefficient of a given subgrid model by the mean of a dynamic approach, originally applied to the Smagorinsky model.11 It has then been extended to the case of linear combination models by several authors.3,12–14 This approach relies on mathematical considerations, and more particularily on the Germano’s identity. While this treatment leads to generally satisfactory behavior, it can produce some numerical instabilities due to large variations of the coefficient, or an antidissipative behavior of the model. Thus, some stabilization techniques such as space averaging, clipping, or more complex approaches15–17 have to be introduced. In the present study, a new dynamic procedure, based on physical considerations is proposed. It is based on the assumption of a power law for the spectral density of energy in the highest resolved wave numbers. The use of a three-level field decomposition allows us to estimate dynamically the expected slope of the spectrum, which is not arbitrarily imposed, thus allowing the method to account for disequilibrium effects. The three-level decomposition then allows us to get an evaluation of the proper amount of subgrid dissipation and adapt the model in consequence. The organization of the paper is as follows: in the first part, the general framework of a multilevel decomposition of



In large-eddy simulation, only the largest scales of motion are resolved. They are defined through the use of a lowpass filtering operator G, associated with a cut-off wave number k c . However, the presence of unresolved 共subgrid兲 scales must be taken into account by the use of a subgrid model. Despite the considerable effort devoted to the development of subgrid closures 共see Ref. 1 for a review兲, actual models are still restricted in practice to a limited range of applications. Indeed, the subgrid-viscosity models widely used in actual simulations have been developed in the restricted framework of isotropic and homogeneous turbulence, and thus appear not able to account correctly for the presence of inhomogeneous subgrid scales. Scale similarity and deconvolution closures appear well-suited to account for complex phenomena, since no particular form of the subgrid terms is assumed. They exhibit a high degree of correlation with the real subgrid terms in a priori tests,2 but appear generally underdissipative in practical simulations and require an additive regularization. Some examples are the addition of an eddy-viscosity term as in the mixed model proposed by Zang et al.,3 or a relaxation term in the set of filtered equations as in the deconvolution approach of Stolz et al.4,5 Domaradzki et al.6 have also found it necessary to include a secondary regularization step in the original form of the velocity estimation model7 to account for high Reynolds numbers. It thus appears that actual models still suffer a兲
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the solution, developed in previous studies18 –20 is recalled since it is one of the bases of the present approach. Then, the set of filtered governing equations and basic subgrid closures are detailed. The third part of the paper is then devoted to the description of the multilevel dynamic procedure itself. Some applications are then presented in the fourth section. The cases that have been considered include 共i兲 homogeneous and isotropic turbulence in the inviscid limit which is the most representative case of the ability of the model to produce the proper amount of subgrid dissipation; and 共ii兲 a plane channel flow configuration that allows us to assess the dynamic procedure in the case of more practical flows with boundary conditions such as walls. Some rather high values of the skin-friction Reynolds numbers have been considered 共up to Re⫽2000). Finally, some conclusions are drawn in the last part of the paper. II. MULTILEVEL DECOMPOSITION



We first recall the framework of a multilevel decomposition of any variable  of the flow by the use of N different filtering levels. Each level is defined by mean of a family of low-pass filters 兵 G n 其 , n苸 关 1,N 兴 that are characterized by their cutoff length scales ⌬ n , associated with the cutoff wave numbers k n ⫽  /⌬ n in spectral space. The filtering operation is then formally defined as the convolution product with the filter kernel G n : G n *  共 x,t 兲 ⫽



冕



⍀



G n 共 x⫺  兲  共  ,t 兲 d  ,



共1兲



where x苸⍀傺R3 is the space coordinates vector, t苸R⫹ is time, and  :⍀⫻R⫹ →R represents any flow variable. Hereafter, the case ⌬ n⫹1 ⬎⌬ n will be considered, or, equivalently, k n⫹1 ⬍k n . The filtered variables at the finest level of resolution are ¯ (1) ⫽G  . defined as  1* At level n苸 关 2,N 兴 , the filtered variables are then recursively defined as n ¯ 共 n 兲 ⫽G G  n * n⫺1 * ¯ * G 2 * G 1 *  ⫽G1 共  兲 ,



共2兲



n with, for any m苸 关 1,n 兴 :Gm (•)⫽G n * G n⫺1 * ¯G m⫹1 * G m (•). * That is to say that level 1 corresponds to the finest representation of the solution, while levels with increasing values of n correspond to coarser and coarser representations. This multilevel formalism also allows us to introduce a multilevel decomposition of any flow variable  as n⫺1



¯ 共 n 兲⫹ ⫽ 兺 ␦  l⫹  ⬙, l⫽1



¯ (n) ⫽Gn (  ),  1



共3兲



¯ (l) ⫺  ¯ (l⫹1) , and  ⬙ ⫽  ⫺  ¯ (1) ␦  l⫽  where 0 ⫽␦ . ¯ (n) corresponds to In the multilevel decomposition 共3兲,  the resolved scales at the nth level of resolution. The details ␦  l correspond to the scales resolved at the level l, which are unresolved at the level l⫹1, and, finally, ⬙ corresponds to the finest level unresolved scales. Figure 1 illustrates de-



FIG. 1. Multilevel decomposition 共sharp cut-off filters兲.



composition 共3兲 in spectral space, in the particular case of sharp cut-off primary filters G n . Remark that for N⫽1, the classical LES decomposition is recovered. In the compressible case, density-weighted filtering is used. In that case, density-weighted filtered variables at level n are defined as ˜ 共 n 兲⫽ 



Gn1 共   兲 Gn1 共  兲



⫽



G n *   共 n⫺1 兲 G n *¯ 共 n⫺1 兲



共4兲



.



III. GOVERNING EQUATIONS A. Filtered Navier–Stokes equations



We consider the compressible Navier–Stokes equations under the following compact form:



V ⫹N共 V 兲 ⫽0, t where V⫽(  ,  U T ,  E) T , U⫽(u 1 ,u 2 ,u 3 ) T , and



冉



共5兲



冊



“"共  U 兲 “"共  U 丢 U 兲 ⫹“p⫺“" , N共 V 兲 ⫽ “"„共  E⫹ p 兲 U…⫺“"共  :U 兲 ⫹“"Q



共6兲



where p is the pressure,  is the density, U is the velocity vector, and  E is the total energy. Classical expressions are used for the viscous stress tensor  and viscous heat flux vector Q, i.e.,



 ⫽⫺2  S d ,



共7兲



Q⫽⫺  “T,



共8兲



where the exponent d denotes the deviatoric part of a tensor, T is temperature, and S is the rate-of-strain tensor: S⫽ 12 „“"U⫹ 共 “"U 兲 T ….



共9兲



The temperature is linked to the pressure by the perfect gas state law, and Sutherland’s law is used to compute the viscosity  as a nonlinear function of T. Finally, the thermal conductibility coefficient  is linked to viscosity through the
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use of a Prandtl number assumption 共Pr⫽0.7 in this study兲 as  ⫽C p  /Pr, where C p is the isopressure heat coefficient. The filtered equations at any level n苸 关 1,N 兴 are then simply obtained by applying the filtering operator Gn1 to Eq. 共5兲. Assuming classically the commutation of the filtering operation with time derivative, the filtered equations at level n are



 Vˆ 共 n 兲 ⫹N共 Vˆ 共 n 兲 兲 ⫽⫺T t where T T



共n兲



(n)



共n兲



共10兲



共11兲



T



冉



共12兲



冊



0 共n兲 “" ⫽ , ˜ 共 n 兲 兲 ⫹“"q 共 n 兲 “"共  共 n 兲 :U



共13兲



with the following expressions for the subgrid stress tensor  (n) and subgrid heat flux vector q (n) at level n: ˜ 共n兲 丢 U ˜ 共n兲兲, g  共 n 兲 ⫽¯ 共 n 兲 共 U 丢 U 共 n 兲 ⫺U



共14兲



˜ 共 n 兲˜T 共 n 兲 兲 , g 共 n 兲 ⫺U q 共 n 兲 ⫽¯ 共 n 兲 C v 共 UT



共15兲



where C v is the isovolume heat coefficient. B. Subgrid closure



To close the system of filtered equations 共10兲, a parametrization is needed for the two subgrid terms  (n) and q (n) . Several subgrid closures have been developed and can be found in litterature 共see Ref. 1 for a review兲, ranging from simple eddy-viscosity closures to more recent deconvolution-like ones 共Stolz et al.4,5 and Domaradzki et al.6,7兲. In the following, a ‘‘generic’’ expression will be considered for the subgrid terms, depending on the resolved quantities at level n, under the form







共n兲



¯ 共n兲



⫽C⫻M 共 



Smagorinsky closure,



共ii兲



共18兲



Liu et al. scale-similarity closure: ˜ 共1兲 丢 U ˜ 共 1 兲 ⫺¯ 共 2 兲 U ˜ 共2兲 丢 U ˜ 共 2 兲, M ⫽G 2 *¯ 共 1 兲 U



共19兲



where filtering level two is used as a test level.



IV. MULTILEVEL DYNAMIC PROCEDURE



¯p 共 n 兲 1 ⫹ ¯ 共 n 兲 共 ˜u 共i n 兲 兲 2 . ␥ ⫺1 2



Commutation errors between space derivatives and filters are included in T (n) . However, if the filters used commute with space derivatives, the only remaining term in T (n) comes from the 共nonlinear兲 convective term. Indeed, Vreman showed in a detailed study21 that subgrid quantities resulting from the nonlinearity of the viscous terms are negligible in front of those coming from the convective terms. These classical hypothesis will be made in the following, thus leading at each filtering level to the following expression for the 共uncomputable兲 subgrid terms: 共n兲



共i兲



M ⫽2¯ 共 1 兲 共 ⌬ 1 兲 2 兩˜S 共 1 兲 兩˜S 共 1 兲 ;



In these equations, Vˆ (n) has been substituted to ¯V (n) because of density-weighted filtering. Indeed, the filtered variables ¯ (n) from which the vector of resolved variare ¯ (n) , ˜u (n) i , p (n) (n) ˆ d (n) ) T is computed, with d  E (n) ables V ⫽(¯ ,¯ (n)˜u (n) i ,E the resolved energy at level n: d  E 共 n 兲⫽



The parameter C accounts for the fact that most of the subgrid models include a numerical constant in their expression. This coefficient is generally calibrated by considering the particular case of an isotropic homogeneous turbulence, or by comparison with experiments. For instance the two models considered in this study are the classical Smagorinsky11 closure and the scale-similarity closure of Liu et al.,2 which provide at level one the following expressions for M :



is the subgrid term, defined as



⫽N共 V 兲 共 n 兲 ⫺N共 Vˆ 共 n 兲 兲 .
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˜ 共 n 兲 ,⌬ 兲 , ,U n



˜ 共 n 兲 ,U ˜ 共 n 兲 ,⌬ 兲 . q 共 n 兲 ⫽C⫻Mq 共 ¯ 共 n 兲 ,T n



共16兲 共17兲



First, a power-law is assumed for the energy spectrum in the range of the highest resolved wave numbers, i.e., E 共 k 兲 ⫽E 0 k ␣ .



共20兲



Such a scaling law was proposed by many authors to modify the original ⫺5/3 scaling by Kolmogorov. It is worth noting that both E 0 and ␣ can be Reynolds-number-dependent, as suggested by Barenblatt.22 Most of these modifications can be recast as follows: E 共 k 兲 ⫽C K⑀ 2/3k ⫺5/3共 k⌳ 兲  ,



共21兲



where C K is the Kolmogorov constant, ⑀ the mean viscous dissipation, ⌳ a length scale, and  a real parameter, leading to ␣⫽⫺5/3. Under this assumption, it can be shown that the expression of the mean subgrid dissipation at a given wave number k n , obeys also to a power-law, i.e., ˜ 共 n 兲典 ⫽ ⑀ k ␥ , 具 ⑀ 共 k n 兲 典 ⫽⫺ 具  共 n 兲 :S 0 n



共22兲



where E 0 , ⑀ 0 are some functions of  共or equivalently ␣兲 and the brackets denote ensemble averaging. In the present study, only some averages over the entire computational domain will be used. Considering an eddy-viscosity-type parametrization of ˜ (n) for the subgrid-stress tensor, the form  (n) ⫽⫺2  sgs(k n )S the following expression is obtained for the mean subgrid dissipation at the wave number k⫽k n : ˜ 共 n 兲典 , 具 ⑀ 共 k n 兲 典 ⫽ 具 2  sgs共 k n 兲˜S 共 n 兲 :S



共23兲 ˜ (n)



is the resolved where  sgs is a subgrid viscosity, and S rate-of-strain tensor at level n. A simple dimensional analysis1 gives an expression for 具  sgs(k n ) 典 as a function of k n and 具 ⑀ (k n ) 典 : , 具  sgs共 k n 兲 典 ⫽  0 具 ⑀ 共 k n 兲 典 1/3k ⫺4/3 n



共24兲



where  0 is a constant. ˜ (n) :S ˜ (n) 典 Under the assumption that 具 2  sgs(k n )S (n) ˜ (n) ˜ ⯝ 具 2  sgs(k n ) 典具 S :S 典 , the following analytical expression is obtained for the mean subgrid dissipation at level n:
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具 ⑀ 共 k n 兲 典 ⯝2  0 具 ⑀ 共 k n 兲 典 1/3k ⫺4/3 n ⫽



冕



kn



0
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k 2 E 共 k 兲 dk



2E 0  0 ␣ ⫺4/3 , 具 ⑀ 共 k n 兲 典 1/3k 3⫹ n 3⫹ ␣



共25兲



deconvolution-like approaches,4,5,7,25 based on a reconstruction of scales two times smaller than the resolved ones that are then used to compute the subgrid terms. Thus, an estimation of the mean subgrid dissipations ⑀ (2) and ⑀ (3) can be obtained with the previous expressions for  (2) and  (3) by



which finally yields to a power-law form for 具 ⑀ (k n ) 典 :



具⑀共 k n 兲典⫽



冉 冊 2E 0  0 3⫹ ␣



3/2



with ␥ ⫽



k n␥ ⫽



冉







2C K ⑀ ⌳  0 3⫹ ␣ 2/3



冊



3/2



3 ␣ ⫹5 3 ⫽ . 2 2



˜ 共 n 兲典 , ⑀ 共 n 兲 ⫽⫺ 具  共 n 兲 :S



k ␥n , 共26兲



Remark that for an equilibrium turbulence, for which the subgrid dissipation is constant along the spectrum 共␥⫽⫽0兲, a classical Kolmogorov energy spectrum is recovered with ␣⫽⫺5/3. The multilevel formalism presented in Sec. II is then considered, with N⫽3. The primary level is the one at which the computation is performed, and at which a subgrid closure is required to close the filtered Navier–Stokes equations, while levels 2 and 3 are secondary filtering levels that will be used for the dynamic procedure 共often referred to as ‘‘test’’ levels兲. For the following developments, the ratio R n,n⫹1 ⫽k n /k n⫹1 ⫽⌬ n⫹1 /⌬ n is introduced. The mean subgrid dissipation at level n, 具 ⑀ (k n ) 典 will be now referred to as ⑀ (n) . From 共22兲 and 共26兲, we get



⑀共n兲 ⑀



共 n⫹1 兲



␥ ⫽R n,n⫹1 .



共27兲



From this expression, the value of ␥ is then simply given by



␥⫽



log共 ⑀ 共 2 兲 / ⑀ 共 3 兲 兲 . log共 R 2,3兲



共28兲



As stated in Sec. III, a subgrid term appears in the filtered momentum equations at each level n⫽1, 2, 3, and more particularily the subgrid stress tensor  (n) . The aim of the present approach is to propose a reliable closure for the subgrid terms of the finest resolution level, i.e.,  (1) . As stated in Sec. III B3, a ‘‘generic’’ parametrization is adopted for this term, under the form ˜ 共 1 兲 ,⌬ ¯ 共1兲兲,  共 1 兲 ⫽C⫻M 共 ¯ 共 1 兲 ,U



共29兲



where the global parameter C is introduced to ensure the proper amount of subgrid dissipation. For R 1,2⬎2 and R 2,3 ⬎1, some reliable approximations of the subgrid stress tensors at level two and three can be obtained by the following expressions:







共2兲



˜ 共2兲 丢 U ˜ 共 2 兲, ˜ 共1兲 丢 U ˜ 共 1 兲 兲 ⫺¯ 共 2 兲 U ⫽G 2 * 共 ¯ 共 1 兲 U



共30兲







共3兲



˜ 共3兲 丢 U ˜ 共 3 兲. ˜ 共1兲 丢 U ˜ 共 1 兲 兲 ⫺¯ 共 3 兲 U ⫽G32 共 ¯ 共 1 兲 U



共31兲



Indeed, following Domaradzki et al.23 and Kerr et al.,24 the main part of the subgrid energy transfer at a given level is due to local interactions with wave numbers lower than twice the cut-off wave number. This property is widely used in



n⫽2,3.



共32兲



The corresponding value of ␥ is then obtained by relation 共28兲. Since  (1) ⫽C⫻M , the subgrid dissipation at level one is given by ⑀ (1) ⫽C⫻ ⑀ ⬘ , where the quantity ⑀ ⬘ ˜ (1) 典 is computable, and the parameter C remains ⫽⫺ 具 M :S to be evaluated. The correct amount of dissipation at level one is given by setting n⫽1 in relation 共27兲: ␥ 共2兲 ⑀ 共 1 兲 ⫽R 1,2 ⑀ .



The value of C is then finally given by ␥ C⫽R 1,2



⑀共2兲 . ⑀⬘



共33兲



Remarks: 共i兲



For R 1,2⫽R 2,3 , a simple relation is directly obtained: C⫽ 共 ⑀ 共 2 兲 / ⑀ ⬘ 兲 ⫻ 共 ⑀ 共 2 兲 / ⑀ 共 3 兲 兲 .



共ii兲



共34兲



In the particular case of a Kolmogorov spectrum, ␣⫽⫺5/3, and ␥⫽⫽0, the expression of C becomes simply C⫽ ⑀ (2) / ⑀ ⬘ to ensure a constant dissipation along the spectrum.



V. APPLICATIONS



The numerical scheme used in this study is a secondorder accurate nondissipative cell-centered finite-volume scheme. The skew-symmetric form of the convective fluxes has been retained to reduce the aliasing errors,26 coupled with a staggered formulation of the viscous ones. Time integration is performed with a classical explicit low-storage third-order accurate Runge–Kutta scheme, with a CFL number value of 0.95 to neglect time-filtering effects. The ability of the proposed method to estimate the proper level of subgrid dissipation is first analyzed by considering the simple case of an homogeneous and isotropic turbulence. Indeed, this case is one of the most representative of the dissipative behavior of a subgrid model, since the energy spectrum in k ⫺5/3 expected at sufficiently high Reynolds numbers is not well reproduced with over- or underdissipative simulations. A. Homogeneous isotropic turbulence



The case considered here deals with a fully turbulent homogeneous isotropic turbulence. All the simulations are done in the limit of an infinite Reynolds number such that the only dissipation of energy is due to the subgrid model used. The computational domain is a cubic box of side 2, with periodic boundary conditions in the three space directions, and 643 uniformly distributed meshpoints.
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The initial flow is a random field, the spectral energy distribution of which satisfies the following law: E 共 k,t⫽0 兲 ⬃k 4 exp共 ⫺2k 2 /k 20 兲 .



共35兲



The mode k 0 corresponding to the initial integral scale is set here to k 0 ⫽2. The initial field is solenoidal, while the turbulent Mach number M t ⫽u rms /c, with c the sound celerity is set to 0.2. These two characteristics ensure a quasiincompressible flow all along the simulations. They are carried out from t⫽0 to t⫽10, where t is the time, nondimensionalized by L 0 /u rms , with L 0 the initial integral scale, and u rms the rms velocity. Despite its apparent simplicity, this case is critical in the sense that the results are very dependent on the mean subgrid dissipation level provided by the subgrid model. Indeed, in the absence of molecular viscosity, the establishment of a high level of turbulence at t⯝6 implies the use of a sufficiently dissipative subgrid model to prevent any blow-up of the simulation due to energy accumulation at the cut-off. It thus appears as a good first test case to see the potentiality of the new dynamic procedure to give the proper amount of subgrid dissipation. The procedure has been applied here to the determination of the coefficient C s used in the classical Smagorinsky closure. The expression for  (1) is thus here given by Eq. 共29兲, where the ‘‘generic’’ term M is given by the Smagorinsky model 关see Eq. 共18兲兴. We then propose to compute dynamically in time the value of the Smagorinsky coefficient C s ⫽C1/2 by the use of the new multilevel dynamic procedure. One simulation using the Smagorinsky closure, together with the dynamic determination of C s by the proposed multilevel method, has thus been carried out 共case S-NEW兲. The filters used here to define the different filtering levels are the three-point discrete filters proposed by Sagaut and Grohens,27 with R 1,2⫽R 2,3⫽2, applied successively in the three space directions. These discrete filters are equivalent to the second order to Gaussian filters. As a comparison, two other simulations have been carried out: one with the standard version of the Smagorinsky model,11 where the theoretical value of C s ⫽0,18 has been retained 共case S-018兲, and one using the dynamic Smagorinsky model of Germano et al.10 共case S-DYN兲. It is to be noted that numerical simulations with no subgrid model blew up rapidly, and could thus not be performed. This point highlights the strong effect of the subgrid dissipation in this test case. Figure 2 illustrates for each case considered here the temporal evolution of the coefficient C s . For the two simulations using a dynamic coefficient, one notes that its value grows during the transitional phase, to reach a quasiconstant value from t⯝5.7 to the end of the simulation. Indeed, during this phase, the flow has reached a fully turbulent self-similar state. The two mean values of C s given by the two dynamic methods during the self-similar phase differ slightly 共0.178 for the S-DYN case, and 0.188 for the S-NEW case兲. The slightly higher value obtained in the S-NEW case remains in very good agreement with the theoretical value of 0.18, however, not reaching the value of 0.2 suggested by Deardorff.28 Figure 3 presents the resolved kinetic energy spectra ob-



FIG. 2. Temporal evolution of the Smagorinsky coefficient. : S-018; • • • : S-DYN.



: S-NEW;



tained at t⫽10. One can note for each case a large inertial zone in perfect agreement with the theoretical k ⫺5/3 slope. Figures 4 and 5 show, respectively, the temporal evolutions of kinetic energy and enstrophy ⍀⫽具兩“∧U兩典 共spatial integration over the computational domain兲. First, we note that the kinetic energy decay is faster during the transitional phase for case S-018. This is generally attributed to a too important value of C s during this phase in which the flow is the place of many anisotropic events. The too strong intensity of subgrid dissipation in this last case also results in a drop on the amplitude of the enstrophy peak, which also appears later. During the self-similar phase, all the simulations exhibit a kinetic energy decay in t ⫺ ␤ , with here ␤⫽1.97, however greater than the decay rate of 1.38 given by the eddy-damped quasi-normal Markovian 共EDQNM兲 theory or by spectral DNS.29



FIG. 3. Kinetic energy spectrum at t⫽10. • • • : S-DYN.



: S-NEW;



: S-018;
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M. Terracol and P. Sagaut TABLE I. Computational parameters. Case



Rem



N x ⫻N y ⫻N z



⌬ x⫹



⌬⫹ y



⌬ z⫹



A B C D



5600 21 850 42 140 85 000



22⫻62⫻64 40⫻92⫻64 82⫻82⫻64 156⫻156⫻80



51 92 100 100



12 20 20 20



1–10 1–30 1.25–50 1.5– 80



flows such as wall-bounded flows. Some channel flow computations are reported in the next section, for several values of the Reynolds number. B. Plane channel flow



FIG. 4. Kinetic energy decay. • • • : S-DYN.



: S-NEW;



: S-018;



Finally, one can note slightly different positions of the enstrophy peak in each case. It is obtained at t⫽4.12 in case S-018, t⫽3.93 in case S-DYN, and t⫽3.78 in case S-NEW. This last position is the closest from the one predicted by the EDQNM theory t⯝5.9/⍀(0) 1/2, which is equal to 3.74 here. Globally, one can thus note a very good behavior of the simulation S-NEW, which gives results appreciably equivalent to those obtained in case S-DYN, generally cited as a reference. As a first result, it shows that the new dynamic procedure is efficient, and that, in particular, the subgrid dissipation estimations provided at levels n⫽2 and n⫽3 are sufficiently accurate to give a reliable estimation of the proper subgrid dissipation at level n⫽1. Some additional tests have thus been carried out to assess the dynamic method in the context of more practical



FIG. 5. Temporal evolution of enstrophy. • • • : S-DYN.



: S-NEW;



: S-018;



The dynamic multilevel procedure is applied here to the well-known plane channel flow configuration. The nominal Mach number value is M ⫽0.5, and several values of the Reynolds number Rem based on the channel width and the mean bulk values have been considered. This time, the scale-similarity model of Liu et al. has been retained as subgrid closure, combined with the proposed dynamic approach. The subgrid stress tensor is thus expressed as C⫻M , with ˜ 共1兲 丢 U ˜ 共 1 兲 ⫺¯ 共 2 兲 U ˜ 共2兲 丢 U ˜ 共 2 兲. M ⫽G 2 *¯ 共 1 兲 U



共36兲



This model, which shows a very high correlation with exact subgrid terms during a priori tests, is generally not able to give the correct amount of subgrid dissipation with C⫽1. Thus, it is proposed here to combine the good structural properties of the scale similarity model with some good properties in terms of subgrid dissipation by means of the proposed dynamic approach. The different simulation cases are referred to as cases A, B, C, D, which correspond to targeted skin-friction Reynolds number values of 180, 590, 1050, and 2000, respectively. The domain sizes are 2 ⫻4/3⫻2 for case A, 2⫻⫻2 for case B, and 2.5 ⫻/2⫻2 for cases C and D, in the respective x 共streamwise兲, y 共spanwise兲, and z 共wall–normal兲 directions. The characteristics of the computational grids used in each case are summarized in Table I. It should be noted that the grid resolutions are relatively coarse for the second-order accurate numerical scheme used in this study. First of all, some simulations without a model 共LoDNS兲 have been performed for each case. For cases A and B, simulations with a classical plane-averaged dynamic Smagorinsky model10 共SDYN兲 have also been carried out. For the four cases A, B, C, and D, simulations using the new closure 共NEW兲 have been performed. Again, the secondary filtering levels are obtained through the use of the discrete three-point filter proposed in Ref. 27, with R 1,2⫽R 2,3⫽2. For all the computations using the new dynamic procedure, a simple average of the coefficient C over the entire computational domain has been considered. Table II summarizes all the simulations that have been done, and displays the skinfriction parameters obtained in each case, which agree well with the targeted values, except the ‘‘SDYN’’ computations, which tend to underestimate these parameters. This can be explained by the purely dissipative behavior of the model in these cases.
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TABLE II. Simulations parameters and skin-friction values. Case



SGS Model



Re (% error)



u  ⫻102



A-LoDNS A-SDYN A-NEW B-LoDNS B-SDYN B-NEW C-LoDNS C-NEW D-LoDNS D-NEW



No model Dyn. Smag. New model No model Dyn. Smag. New model No model New model No model New model



178共⫺1.1兲 172共⫺4.4兲 183共⫹1.6兲 590 共0.0兲 570共⫺3.3兲 607共⫹2.8兲 1035共⫺1.4兲 1072共⫹2.2兲 1934共⫺3.3兲 1980共⫺1.0兲



6.15 5.90 6.30 5.16 5.00 5.32 4.67 4.85 4.35 4.45



Figures 6 –9 present the mean streamwise velocity profiles obtained in each case, in wall units. For the cases A and B, the results are compared to the DNS results of Moser et al.30 It is observed that the use of the new scale-similarity model improves the results in comparison with other simulations. All the simulations fail to give the correct slope of the velocity profile in the logarithmic region, but this is a known feature of LES performed with second-order accurate schemes 共see the numerical studies of Kravchenko and Moin26 and Shah and Ferziger,25 for instance兲. For the high Reynolds cases C and D, the agreement with the theoretical wall law U ⫹ ⫽2.5 log z⫹⫹5.5 is very satisfactory, even with the coarse grid resolution used here. Again, it is observed that the simulations performed with the new dynamic procedure improve the results, in comparison with the simulations without a model. Figures 10–13 present, in wall units, the rms velocity fluctuation profiles. For the cases A and B, it is seen that all the LES performed tend to overestimate the peak value of the streamwise component, and to underestimate the values of the spanwise and wall–normal components. This is also a particularity of second-order schemes. However, it is striking that the results obtained with the new dynamic scalesimilarity closure are closer to DNS results than the other ones, in particular, for the amplitude and position of the



• • • : FIG. 6. Mean streamwise velocity profile for case A. ‘‘LoDNS’’; : ‘‘SDYN’’. : ‘‘NEW’’; symbols: DNS, Moser et al. 共Ref. 30兲; • • • • : wall law.



FIG. 7. Mean streamwise velocity profile for case B. Same key as Fig. 6.



FIG. 8. Mean streamwise velocity profile for case C. Same key as Fig. 6.



FIG. 9. Mean streamwise velocity profile for case D. Same key as Fig. 6.
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FIG. 10. The rms velocity fluctuations for case A. • • • : ‘‘LoDNS’’; : ‘‘SDYN’’. : ‘‘NEW’’; symbols: DNS, Moser et al. 共Ref. 30兲.



FIG. 11. The rms velocity fluctuations for case B. Same key as Fig. 10.
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FIG. 13. The rms velocity fluctuations for case D. Same key as Fig. 10.



streamwise component peak. Cases C and D, despite the fact that they are performed using coarse grids, yield satisfactory results, which are comparable to those obtained by Domaradzki and Loh7 at Re⯝1000 with the subgrid-scale estimation model and a high-order pseudospectral numerical scheme. The simulations performed without model lead, however, to a strong overestimation of the peak values. This can be explained by the lack of dissipation in the production zone of the flow. Table III presents, for each simulation performed with the new scale-similarity model, the mean computed values 共time and domain averages兲 of C, ␥, and ␣, given, respectively, by relations 共33兲, 共28兲, and 共26兲. It is observed that a ⫺5/3 slope is not recovered, leading to a nonzero value of . Another interesting point is that  is not constant, and exhibits a Reynolds number dependence. In order to check Barenblatt’s hypothesis22 of a dependence of the form 共Re兲⫽⬘/ln共Re兲, ⬘ is displayed as a function of the friction Reynolds number in Fig. 14. It is seen that the present simulations suggest that an asymptotic value ⬘⯝⫺1.4 is valid for high Reynolds numbers. However, further investigations at very high Reynolds numbers are required to conclude on this point. Several other authors30,31 have raised the issue of a Reynolds number dependence in channel flow simulations. Indeed, the momentum equations, written in wall coordinates do not exhibit a Reynolds number dependence.31 However, as observed in both DNS calculations and experiments, the results generally exhibit such a dependence for the range of low and moderate Reynolds numbers that were studied. Indeed, the authors observe an increase of the level of turbulent TABLE III. Mean values of C, ␥, and ␣. Case



C



␥



␣



A-NEW B-NEW C-NEW D-NEW



0.55 0.73 0.77 0.79



⫺0.775 ⫺0.385 ⫺0.310 ⫺0.280



⫺2.18 ⫺1.92 ⫺1.87 ⫺1.85



FIG. 12. The rms velocity fluctuations for case C. Same key as Fig. 10.
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FIG. 14. The evolution of  with the Reynolds number.



fluctuations as the Reynolds number increases, and thus raise the issue of some low-Reynolds number effects that would naturally disappear when increasing the Reynolds number. Fischer et al.31 indicate that the Reynolds dependence close to the wall originates from the behavior of a sink term in the dissipation rate equation that is Reynolds number dependent in the limit of two-component two-dimensional turbulence close to the wall. The simulations performed in this study, up to a significant value of the Reynolds number have thus also been used to confirm the observations from these authors, and, in particular, the existence of a universal behavior of the flow when increasing sufficiently the Reynolds number. Figure 15 displays, in wall coordinates, the rms streamwise velocity fluctuations profile obtained in each case with the proposed approach. This figure clearly shows that the two ‘‘highReynolds’’ cases C and D lead to very similar results, thus claiming for some universal properties of the turbulent flow



FIG. 15. Streamwise rms velocity fluctuations. • • • • : Case A-NEW; : Case B-NEW; • • • : Case C-NEW; : Case D-NEW.
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⬘ /U at different Reynolds FIG. 16. Limiting behavior of limz→0 U rms numbers. Experimental 共Ref. 30兲 and DNS 共Refs. 33– 40兲 results.



close to the wall at high Reynolds numbers. Figure 16 ⬘ /U at the wall shows, as in Ref. 31, the limiting value of U rms obtained in the present simulations, together with previous DNS and experimental results. It appears, as expected, that the results obtained in our high-Reynolds simulations lead to ⬘ /U at an asymptotic behavior. The asymptotic value of U rms the wall is of about 0.435 in the limit of infinite Reynolds number, slightly higher than the one suggested by Fischer et al.31 This, however, confirms the trend of a universal behavior at high Reynolds numbers observed by Moser et al.30 and Fischer et al.31 in their moderate Reynolds number channel flows analysis. Another point, which was investigated by Moser et al.30 in their channel flow DNS is the behavior of the streamwise velocity profile in the overlap region between inner and outer scalings in wall-bounded turbulence. As in Ref. 30, Fig. 17 shows for each Reynolds case the values of the two coeffi-



FIG. 17. Profiles of ␥ and ␤. • • • • : Case A-NEW; B-NEW; • • • : Case C-NEW; : Case D-NEW.



: Case
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FIG. 18. Instantaneous 1-D energy spectra : Volume average; • • • : z ⫹ ⯝12; • • • • : k ␣ slope.



FIG. 19. Mean subgrid dissipation : 具⑀典; : 具 ⑀ ⫹典 ; profiles. • • • : 具 ⑀ ⫺典 .
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cients ␥ ⫽z ⫹ (dU ⫹ /dz ⫹ ) and ␤ ⫽(z ⫹ /U ⫹ )(dU ⫹ /dz ⫹ ). If the profile of U ⫹ obeys a log law, ␥ should be a constant, while ␤ should be constant if U ⫹ obeys a power law. The tendencies observed on these curves are very similar to those reported by Moser et al. for the two moderate Reynolds number cases A and B, which do not show any real plateau of ␥ or ␤ away from the wall. For the two high-Reynolds cases C and D, it seems that ␥ reaches a nearly constant value, although slowly decreasing, but with a less important slope than ␤. This indicates that the flow behavior is slightly more consistent with a log law than with a power law. The values of 1/␥ obtained in our simulations in the log layer are 0.415 for case C and 0.313 for case D. This last value is lower than the theoretical one of 0.4, and can be attributed to the coarse resolution used in this last case. Although some more accurate simulations and/or some higher Reynolds numbers cases would be needed to confirm these results, the general trend for the streamwise velocity profile observed here is a log law. Figure 18 shows some instantaneous monodimensional streamwise energy spectra. Plane-averaged (z ⫹ ⯝12) and ensemble-共volume兲-averaged spectra are plotted, and compared to the slope k ␣ , where ␣ is taken from Table III. A very good agreement is observed between the spectra and the ‘‘analytical’’ ␣-slope, with the value of ␣ obtained from Eqs. 共26兲 and 共28兲, for both spectra. An exception is the low Reynolds number case A. Indeed, in this case, only a very short ␣-slope is obtained because of viscous effects. Moreover, ␣ is estimated at k 2 ⫽k 1 /2, with the hypothesis that E(k) obeys a law in k ␣ for all the wave numbers greater than k 2 . This hypothesis appears valid for higher Reynolds numbers, but is not true in case A associated with a rather low turbulence level. Finally, Fig. 19 displays the mean plane-averaged subgrid dissipation 共⑀兲 profiles obtained with the new scalesimilarity model, together with its forward 关 ⑀ ⫹ ⫽max(⑀,0) 兴 and backward 关 ⑀ ⫺ ⫽inf( ⑀ ,0) 兴 contributions. For all the computational cases, the profiles of ⑀ exhibit a strong maximum at z ⫹ ⫽12, which is very satisfactory. This figure also reveals that the model accounts for backscatter, which becomes more and more important as the Reynolds number increases 共it represents up to 35% of the global dissipation for case D兲, with a peak value at z ⫹ ⯝20 consistent with the observations of Horiuti.32 VI. CONCLUSIONS



A new dynamic procedure has been proposed and assessed in the present paper. It is based on an estimation of the level of subgrid dissipation that must be provided by the subgrid model, by means of the introduction of two additive filtering levels of the solution. This procedure was first proven to be very accurate and efficient by numerical tests performed in the case of an isotropic and homogeneous turbulence, in the inviscid limit, with results that are at least comparable to—and even better than—those obtained with the classical dynamic Smagorinsky model. Then, the new dynamic procedure has been assessed when combined with a scale-similarity closure, in the case of wall-bounded flows. The plane channel flow simulations that have been per-
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formed show a rather high improvement of the quality of the results in comparison with simulations performed with the classical dynamic Smagorinsky model or without model. This can be related to the use of a scale-similarity model allowing to reproduce backscatter effects, while the dynamic procedure allows us to provide the proper amount of mean subgrid dissipation. In these simulations, the robustness of the method has also been assessed by considering some rather high values of the skin-friction Reynolds number. Globally, it thus results that the proposed approach appears as a good way to adapt dynamically the subgrid model to the flow physics, and more particularily to the smallest resolved scale dynamics.
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