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Abstract. In modeling



human and primate motor behavior, optimization has been used to mathematically describe hand trajectories during reaching movement, with the duration of the movement given as part of the boundary conditions. As duration is an input to the model rather than an output, a description is lacking of how the duration depends upon the circumstances of the movement. In the present work, we extend a minimum jerk model of reach trajectory planning to include a penalty for duration and show that it can be used to quantify the trade-off between quickness and effort in reaching movements. We then show that a given trade-off for a nominal reaching movement can predict the duration of related movements, specifically reaching movements subject to perturbation of the target during their course. The mathematical model is tested against several independent bodies of experimental data.



1 Introduction



It is generally accepted that voluntary, goal-directed, reaching movements involve central programming of motor patterns with, in many cases, some form of feedback modulation. For example, where the equilibrium point hypothesis (Feldman 1986) predicts that at the beginning of a voluntary movement a joint's equilibrium position shifts at once to the desired final position for that joint with the limb following according to the mechanical properties of the limb and its musculature, Bizzi et al. (1984) showed that instead of a simple step to a new value the virtual equilibrium position follows a time varying trajectory [this idea being dubbed the equilibrium trajectory hypothesis by Flash (1987)]. In exploring the nature of such motor programs, Hogan (1984) modeled elbow rotations in pointing movements of monkeys toward a visually located target. The movements were in the horizontal plane, about 60 ~in magnitude, and of intermediate speed (about 700 ms in duration). He proposed the minimum jerk hypothesis to describe the kinematics of such movements. By applying the calculus of variations, using the optimization criterion that the mean squared jerk (third derivative of position) be mini-



mized during the movement, he derived a position function of time given by a fifth-order polynomial, uniquely specified by the initial and final values of position, velocity, and acceleration. If the target has zero velocity and acceleration at the start and end of the movement, the velocity profile is symmetric and bell-shaped, much like the low-accuracy pointing movements performed by the subjects studied. Flash and Hogan (1985) examined subjects performing unconstrained arm movements in the horizontal plane, holding a light-weight manipulandum. The room was darkened, removing visual feedback of arm location. Targets were indicated by light-emitting diodes at distances of 20-40 cm. Among other experiments, they had subjects move between points in the plane without obstacles. It was found that the hand's path was approximately a straight line (as predicted by the minimum jerk criterion), regardless of the start and end points of the movement. Also, the trajectory of the hand was predicted well by the minimum jerk hypothesis, yielding characteristic, symmetric, bell-shaped speed profiles. Thus, the principle that explains elbow rotation also explains whole arm movements. Hoff and Arbib (1992, 1993) used the minimum jerk model to reproduce reaching trajectories from three bodies of experimental data. In each of the experiments, reaching movements were not only made in a point-topoint fashion in response to a single target step, but also in response to a perturbed, or double-step, target. The behavior under the perturbation condition was modeled in the following way: It was assumed that when the target of reach is perturbed, there is some delay while the visual target location signal reaches the neural motor circuitry which generates the movement toward the target. When the new target location reaches this circuitry, a new optimal movement is initiated from the current hand position toward the secondary target. This view of the perturbation response is discussed in detail in Hoff and Arbib (1992). In the experimental data, the duration of the two-step movement varies greatly, seemingly dependent on factors such as the distance and direction of perturbation. P61isson et al. (1986) used a perturbation paradigm in which at movement onset the target was occasionally and unexpectedly perturbed further away
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from the subject. A small change was seen in movement time. In contrast, in the target reversal experiment carried out with monkeys by Georgopoulos et al. (1981), the movement time was more than doubled after target perturbation. What is needed is a single model of movement time determination which predicts a variety of such data. In the two-step model, as in the original minimum jerk model, the duration of the movement is an input, set to that which is observed experimentally. The question remains as to what determines the movement duration in unperturbed and perturbed reaching. In the following, we take a step toward answering that question by extending the minimum-jerk cost function to include a penalty for duration, such that duration may emerge from the optimization process. We base the cost function on the duration of a nominal movement and show how the duration of perturbed movements emerges from subsequent optimizations.



2 Modeling duration: the minimum jerk/minimum time model We begin by defining a dynamic system for the movement of the hand in space, along with a cost measure to be optimized. We then perform the optimization and compare the simulation results to empirical data. We first define a state vector for each dimension of a two dimensional movement: xi(t), i = 1, 2, are 3 x 1 vectors of position, velocity, and acceleration. Taking the driving input, ui(t) to be the jerk, each dimension of the movement is described by X1 =



Axl + BUl



(la)



X2 =



Ax2 + Buz



(lb)



where
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0



,
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0
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The cost function consists of terms penalizing duration and jerk: t=tf



I = tf + R S (u~ W u 2)dt



(2)



t=0



or, equivalently, t=ty



I=



~ (Ru~ + Ru~ + 1)dt t=O



where R is the (positive and constant) relative weighting between the two factors in the cost and is to be determined later. Equation (2) gives a formal description of the determination of movement duration which is intuitively acceptable. Consider the following three alternative models for duration determination. First, we might suggest that time alone is minimized. This leads to saturated control values, or 'bang-bang' control, i.e. the muscles in



the arm are activated to their maximum tension in order to produce the movement. This is clearly not the case, since we experience much more smooth, relaxed movements in our day-to-day reaching. Second, we might suggest that smoothness, effort, or energy is minimized, without regard to duration. For the system described above, this would lead to the degenerate case of a movement that takes infinitely long to occur. Thirdly, we might suggest that duration is purely a result of musculoskeletal mechanical properties. If this were the case, one would have no control over the duration of one's reaching movements, which clearly not the case. Instead, the minimum jerk/time model implies that both efficiency and expediency are important in movement, and that the emergent duration is based on the trade-off between the two. This is palatable to our intuition, and the task of this paper is to test the model quantitatively, by comparing it to several bodies of experimental data. The trajectory is to go from the given initial state to the given final state, while minimizing (2). The solution to this optimization problem is given in Appendix A and yields the complex relationship between t:, the boundary o o f f conditions Xl, x2, xl, x2, and R given in (A14). In Appendix B, the solution is given for the particular case where there are static boundary conditions, i.e.



t: = (60D) 1/3 R 1/6



(3)



This says that the duration of a movement (t:) is proportional to the cubed root of the distance moved (D), and the constant of proportionality is the 'arbitrary' weighting of smoothness versus time, R. This dependence on R is consistent with our intuition: If smoothness is penalized more than duration, a long, slow movement will result, with longer duration, i.e. increasing R increases t:. This presents both a problem and a solution for modeling duration as an emergent property of an optimization model. The problem is that duration is still essentially a chosen parameter, since the modeler chooses R. However, when movement distance varies in an experiment, we can extrapolate from one movement time to the movement times of other distances. We do so by solving (3) for R



R = t~/(60O) z Then for a chosen movement distance and time, we find R, which is used along with other movement distances in (3) to find their associated durations. Further, the duration of an unperturbed movement can be used to predict the duration of a perturbed movement. As in Hoff and Arbib (1992, 1993), perturbed movement is modeled as an optimal trajectory interrupted and replaced by a new trajectory connecting the current hand state to the new target. There is some delay while the visual target location signal reaches the neural motor circuitry which implements the movement, after which a new optimal movement is initiated toward the secondary target. The duration of this movement is predictable by solving the above optimal control problem, but with novel boundary conditions. The new terminal condition is given by the perturbed target location. The new initial condition is the
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state of the system, xi(t), i = 1,2, at the time the new trajectory begins. To find the duration of the perturbed movement, we use t I and D from the non-perturbed movement to find R. Then we apply R to (A14) and solve the polynomial equation to find the duration of the second section of the perturbed movement. Note that xi(0) in (A14) is the current, nonstatic state at the time the perturbed movement begins. This technique is used in the next section to model three different bodies of target perturbation experiments and predict some new results.



3 Modeling perturbation data The minimum jerk/time model was applied to reaching data in an attempt to predict the varying movement times which result from different target location perturbations. The inputs to the model are the initial and perturbed target locations relative to the initial hand location, the non-perturbed movement duration, and the time of reaction to perturbation (which is the time of target perturbation plus sensorimotor delay, or 'reaction time'). P61isson et al. (1986) had subjects reach 30, 40, or 50 cm, while sometimes unexpectedly perturbing the target location 10% further at movement onset. They found movement times similar to unperturbed movement times when reaching to the slightly more distant target locations, and perturbed movement trajectories which were similar in shape to unperturbed ones, as shown in Fig. la. Figure lb shows six measured movement times (averages with associated standard deviations). There are three for the unperturbed movements of amplitude 30, 40, and 50 cm and three for the perturbed movements of amplitude 33, 44, and 54 cm. In the duration model, the unperturbed movement times were taken to be the average for each distance, and since the perturbation occurred at movement onset, the time of trajectory perturbation was one reaction time (RT), which was taken to be 200 ms, a typical reaction time value (Stark 1968). The resulting sixth-order polynomials (A14) were solved using Mathematica (trademark of Wolfram Research, Inc.), and the results of estimating the perturbed durations are seen in Fig. lb. Clearly, the model predicts the small movement time increase seen in the perturbed movements. The duration prediction model takes into account not only the distance from the target at perturbation, but also the direction of movement, a property akin to momentum, but at the kinematics level. Since the direction of movement is similar to that which we would expect for an unperturbed movement to the nearby target, a duration similar to the original is predicted. The significance of this is seen in the next modeling experiment. The duration prediction model was applied to the target reversal experiment of Georgopoulos et al. (1981). An unperturbed reaching movement in the horizontal plane to a target 8 cm distant took 260 ms to complete. In some trials, after some interstimulus interval (ISI), the "target was switched to a point 8 cm from the starting point, in a direction opposite to the direction of the initial
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