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To vouch the Finite Element Method, the Lax–Milgram theorem is one of the main results: it is a way to establish existence and uniqueness of the solution to the continuous problem (i.e. defined on an infinite dimensional functional space) and of its discrete approximation (defined on a finite dimensional space); it is valid for coercive bilinear mappings defined on Hilbert spaces (complete normed vector spaces endowed with an inner product). The corollary known as C´ea’s lemma provides a bound on the error between the computed approximation and the unknown solution. The present work is a mandatory step toward the correctness of programs implementing the method, for instance built above the FELiScE1 library written in C++. Such a formal verification would increase the trust in both the library and all the programs relying on it. This proof will represent an advance at the same time for the Finite Element Method, but also for the safety of critical software using complex numerical algorithms. Other mathematical results can be used to prove this kind of existence and uniqueness results, such as the more general Banach–Neˇcas–Babuˇska theorem. But the choice was made to focus on the Lax–Milgram theorem because it is sufficient to solve a wide range of PDEs using standard approximations, and there exists a proof using fairly elementary tools. Nonetheless, although elementary in its setting, the proof remains quite intricate and spans large parts of various domains of mathematics, such as linear and bilinear algebra, analysis (including the Banach fixed-point theorem and completeness), geometry (orthogonal projection). Thus, the formalization of the Lax–Milgram theorem was interesting by itself. The description of this formalization is the subject



Abstract The Finite Element Method is a widely-used method to solve numerical problems coming for instance from physics or biology. To obtain the highest confidence on the correction of numerical simulation programs implementing the Finite Element Method, one has to formalize the mathematical notions and results that allow to establish the soundness of the method. The Lax–Milgram theorem may be seen as one of those theoretical cornerstones: under some completeness and coercivity assumptions, it states existence and uniqueness of the solution to the weak formulation of some boundary value problems. This article presents the full formal proof of the Lax–Milgram theorem in Coq. It requires many results from linear algebra, geometry, functional analysis, and Hilbert spaces. Keywords formal proof, Coq, finite element method, functional analysis, Lax-Milgram theorem



1.



Introduction



The Finite Element Method is now widely used to solve Partial Differential Equations (PDEs) written in weak formulation. It can be applied to simulate numerically many problems arising for instance from physics, biology, or mechanics. Its success is partly due to its sound mathematical ground, see for instance (Ciarlet 2002; Ern and Guermond 2004; Zienkiewicz et al. 2013) among a huge literature.
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of the present article, based on a very detailed unpublished pen-and-paper proof (Cl´ement and Martin 2016). Let (E, h·, ·iE ) be a real Hilbert space, and let k·kE be the associated norm. Let E 0 be its topological dual, i.e. the space of continuous linear forms from E to R (see also Section 2.3). Let Eh be a closed vector subspace of E (in practice, Eh is finite-dimensional: it is the finite element approximation space). Given a bounded bilinear form a and a continuous linear form f , let the general problems in weak formulation be defined as



find u ∈ E s.t. find uh ∈ Eh s.t.



∀v ∈ E, a(u, v) = f (v);



∞ Figure 1. Examples of filters, toward a finite point, and a point at infinity. Textbook Theorem 3 (Riesz–Fr´echet). Let ϕ ∈ E 0 be a continuous linear form on E. Then, there exists a unique vector u ∈ E such that for all v ∈ E, ϕ(v) = hu, viE . Moreover, the mapping τ = (ϕ 7→ u) is a continuous isometric isomorphism from E 0 onto E.



(1)



∀vh ∈ Eh , a(uh , vh ) = f (vh ). (2)



With the preceding hypotheses on a and f , the Lax–Milgram theorem can be stated as



Its formal counterpart is split into Theorem 5, Definition 3, and Lemma 6 (see Sections 3.2.2 and 3.2.3).



Textbook Theorem 1 (Lax–Milgram). Assume that a is coercive with constant α > 0. Then, there exists a unique u ∈ E solution to Problem (1). Moreover, 1 kukE ≤ kf kE 0 . α



Interactive theorem proving has long been more interested in formalizing parts of algebra rather than analysis. It is now changing as more and more interest goes into real and numerical analysis. Real-life applications, such as hybrid systems or cyber-physical systems are critical and rely on advanced analysis results. In particular, Isabelle has a large library of results, including many results about ODEs (Immler and H¨olzl 2012; Immler 2014; Immler and Traut 2016). Our work is especially close to the recent work by Immler and Traut (Immler and Traut 2016) (this will be highlighted in Section 2.3). This work relies on the Coq proof assistant. Previous work about analysis in Coq include the full formalization of the discretization of the wave equation (Boldo et al. 2013) and the formalization of Picard’s operator for ODEs (Makarov and Spitters 2013). We rely on the Coquelicot library (Boldo et al. 2015; Lelay 2015b,a). Coquelicot is a conservative extension of Coq’s standard library, with total functions for limit, derivative, and integrals. Its topology is defined using filters. Filters are sets of neighborhoods, with a few assumptions. They can represent converging sets such as shown in Figure 1. Moreover, Coquelicot includes a hierarchy of algebraic structures: group, ring, module (ModuleSpace), normed module (NormedModule), and so on inspired from (H¨olzl et al. 2013) and based on canonical structures. A difference between Isabelle developments and ours is that Coq has an intuitionistic logic. Our choice is to stay intuitionistic as much as possible. Yet, this work is not fully intuitionistic for several reasons: first, we rely on the standard Coq library that axiomatizes real numbers. Second, we require several decidability hypothesis (see Section 3.3). Moreover, we have several occurrences of ¬¬ϕ, instead of



Boundedness and coercivity are defined in Definitions 1 and 4 (see Sections 2.3.3 and 3.2.4). Note that theorems from textbooks are framed, while formally proved theorems are not. All the textbooks theorems presented here have a formal counterpart. For instance, Textbook Theorem 1 corresponds to Theorem 7 (see Section 3.2.4). The Lax–Milgram theorem also applies on the closed subspace Eh of E, proving existence and uniqueness for Problem (2). Moreover, under the same boundedness and coercivity hypotheses, there holds Textbook Theorem 2 (C´ea’s lemma). Let C ≥ 0 be a continuity constant of the bounded bilinear form a. Let u ∈ E be the unique solution to Problem (1). Let uh ∈ Eh be the unique solution to Problem (2). Then, ∀vh ∈ Eh ,



ku − uh kE ≤



C ku − vh kE . α



Its formal counterpart is Theorem 8 (see also Section 3.2.4). An important intermediate result is the Riesz–Fr´echet representation theorem. It states that any continuous linear form can be uniquely mapped onto a vector of the Hilbert space:
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ϕ, due to our decision to require as less decidable hypothesis as possible, in particular we do not assume the decidability of ϕ by default. The Coq code is available at the following address: http://www.lri.fr/~sboldo/elfic/index.html with both the code and a web interface.



based on filters in Coquelicot, we consider the following proper and Cauchy filter:



The paper is organized as follows. Section 2 is devoted to the formalization of algebraic structures, substructures, and continuous linear mappings. The main steps of the proof of the Lax–Milgram theorem, including geometry results, are detailed in Section 3. Section 4 concludes and gives some perspectives.



Context {X : CompleteSpace}. Definition is_eq : X → X → Prop := fun a b ⇒ forall eps:posreal, ball a eps b. [...] Hypothesis phi_distanceable: forall (x y:X), phi x → phi y→ exists M, 0 0 and α-coercive. Suppose ∀f ∈ E 0 , H1 (ker(f ) ∧ ¬¬ϕ) ∧ H2 (ϕ, f ). Be u and uϕ the two solutions given by the Lax–Milgram theorem respectively on E and on the subspace ϕ. Then,



Theorem 7 (Lax–Milgram). Let f ∈ E 0 , 0 < α. Let ϕ : E → Prop, ϕ ModuleSpacecompatible and complete. Let a be a bilinear form on E, bounded and α-coercive. Suppose ∀f ∈ E 0 , H1 (ker(f ) ∧ ¬¬ϕ) ∧ H2 (ϕ, f ). Then, there exists a unique u ∈ E such that ∀v ∈ E,



∀vϕ ∈ E,



¬¬ϕ(u) ∧ ¬¬ϕ(v) =⇒ f (v) = a(u, v) ∧ kukE ≤ α · |||f |||ϕ .



3.3



3.3.1



=⇒ a(u, v) = f (v). (3)



Then, we exhibit the function g : E → E defined by



3.3.2



∀x ∈ E, g(x) = x − ρ · τ (A(x)) + ρ · τ (f ),



=⇒



τ (A(u)) = τ (f ).



Subspace and greatest lower bound



We now look into the hypothesis H1 , which first appears in the formal proof of Theorem 2. It decides whether there exists a point in ¬¬ϕ near enough a given point in E, for a complete and ModuleSpace-compatible subset ϕ.



and we replace the problem by a fixed-point problem through g(u) = u



Case of the null-point function



We first look into the hypothesis H2 defined at the beginning of Section 3. It decides whether any continuous linear mapping is zero on ¬¬ϕ, for a complete and ModuleSpacecompatible subset ϕ. In the proof of the Riesz–Fr´echet theorem, we distinguish two cases, one for the null-point function, and the other for a non null-point function f , using a witness u0 such that f (u0 ) 6= 0. However, it is not possible to decide constructively whether a function is null-point or not, because it would need to test the equality to 0 for each point of ϕ, and thus possibly an infinite set of points. This is possible using the axioms defining Coq real numbers, but this does not provide us with the witness u0 we need.



Then, using the Riesz–Fr´echet theorem twice, we can replace the general problem (1) through the implication



∃!u ∈ E, ∀v ∈ E,



Decidability hypotheses



The previous theorems involve a set of decidability hypotheses, weaker than the excluded-middle axiom. In this section, we discuss these hypotheses.



∀u, v ∈ E, (A(u))(v) = a(u, v).



τ (A(u)) = τ (f )



C ku − vϕ kE . α



This lemma is a basic block to prove that the finite element method gives reasonable approximations of PDEs. Note that the proof of C´ea’s lemma is not difficult itself, but makes sense only within the existence of the solutions given by the Lax–Milgram theorem.



Both the detailed pen-and-paper proof and the formal proof of the Riesz–Fr´echet theorem are already substantial, but this is getting more complicated for the Lax–Milgram theorem. There are a lot of intermediate calculations ensuring mathematical inequalities or equalities which are useful in the proof. Our choice is to treat them aside as a bunch of auxiliary lemmas. With regard to the proof itself, we first show that existence and uniqueness of the solution for a simpler problem implies the Lax–Milgram theorem. After that, we prove that the solution of the simpler problem is actually the unique fixed point of a given function. According to Lemma 1, let A be the unique continuous linear mapping from E to its topological dual E 0 such that



∃!u ∈ E,



ϕ(vϕ ) =⇒ ku − uϕ kE ≤



(4) 8
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In the proof of Theorem 2, we have to exhibit, for a given u ∈ E and an arbitrary small positive real ε, an element x such that ¬¬ϕ(x)



∧



ku − xkE 
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