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A conjugate subgradient algorithm with adaptive preconditioning for LASSO minimization Pierre Paleo, Alessandro Mirone



A new efficient conjugate subgradient algorithm is tailored to minimize a convex function containing a least squares fidelity term and an absolute value regularization term. This method is successfully applied to the inversion of ill-conditioned linear problems, in particular for computed tomography with the dictionary learning method. A comparison with other state-of-art methods shows a significant reduction of the number of iterations, which makes this algorithm appealing for practical use.



Introduction



Results



Almost every field of science has, at some point, to tackle the linear inverse problem characterized by a matrix A. In this problem, the observations vector b can be expressed as b= A x 0 +ϵ .



This conjugate subgradient method is compared with the Nesterov algorithm (FISTA), which is a state-of-art convex nonsmooth optimization method.



Inversion of such problems finds many applications in signal and image processing : deconvolution, source separation, image zooming, inpainting, motion estimation, tomographic reconstruction. Therefore, optimization algorithms are of highest importance in these domains.



On a simulated problem, a matrix A was designed to have a condition number of 1015. For this problem, CSG reaches machine precision in about 800 iterations, while FISTA takes much more iterations to converge. The objective function is also always smaller for CSG.



Proximal algorithms for L2-L1 minimization When the solution is known to be sparse in some domain, a regularization term can be added to the standard least squares formulation, leading to the optimization problem 2 2



argmin (‖ A x−b‖ + β‖D x‖1 ) x



The code for this example can be found at https://github.com/pierrepaleo/csg



(1)



which is a special instance of proximal splitting methods [1]. Depending on the operator D, the proximal operator of ‖D x‖1 can be difficult to compute (eg. Total Variation), which is an issue for Shrinkage-Thresholding algorithms [2]. An alternative is the Douglas-Rachford splitting in which two simpler proximal operators are are computed [3]. These are general-purpose methods, adaptable to a wide range of optimization problems.



FIG 1. Logarithmic plot of the (normalized) objective function values for CSG and FISTA. A prominent application of iterative inverse problem solvers is tomographic reconstruction. In [5], a convex functional for dictionary learning reconstruction is proposed. In this case, A = P×D where P is the projection operator and D is the dictionary learning reconstruction of the slice from the coefficients w. The optimization problem is then : 2 2



argmin (‖P D w−d‖ +β‖w‖1 )



An other approach is to fully exploit the structure of the problem (1). Indeed, proximal algorithms make few assumtions on the actual properties of the data fidelity term and the regularization term. 2 Letting f (x)=‖ A x−b‖2 and g( x)=‖x‖1 , we demonstrate in [4] that an adapted conjugate-gradient-like algorithm can be designed especially for such choices of f and g.



w



(3)



A conjugate subgradient algorithm The simple subgradient method x n+1=x n −γ ∂ F (x n ), where ∂ F is any subgradient of F, is not a descent method : the objective function can increase during the optimization process. To solve this indecision, the subgradient of g is evaluated with :



{



sign( x) if x≠0 ∂ g( x)= sign ( ∇ f ( x)) if x=0



(2)



This, along with a well-chosen preconditioner detailed in [4], enables to build a conjugate “subgradient” algorithm adapted for LASSO minimization.



(a)



(b)



(c)



FIG 2 – (a) result of FBP with 80 projections angles with simulated rings artifacts; (b) DL reconstruction ; (c) Plot of the objective function



Conclusion A conjugate subgradient algorithm has been tailored for LASSO minimization, showing excellent acceleration and outperforming state-of-the art algorithms. An implementation can be found at https://github.com/pierrepaleo/csg
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