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9.1 1 Required order of numerical integration

typical example from structural mechanics may, for instance, be that of three- dimensional (or axisymmetric) ... which model in a reasonable manner the material stretching to infinity. The shape of such ..... G. Beer and J.L. Meek. Infinite domain ... 
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Required order of numerical integration 223 Table 9.3 Numerical integration formulae for tetrahedra No.
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9.1 1 Required order of numerical integration With numerical integration used in place of exact integration, an additional error is introduced into the calculation and the first impression is that this should be reduced as much as possible. Clearly the cost of numerical integration can be quite significant, and indeed in some early programs numerical formulation of element characteristics used a comparable amount of computer time as in the subsequent solution of the equations. It is of interest, therefore, to determine (a) the minimum integration requirement permitting convergence and (b) the integration requirements necessary to preserve the rate of convergence which would result if exact integation were used. It will be found later (Chapters 10 and 12) that it is in fact often a positive disadvantage to use higher orders of integration than those actually needed under (b) as, for very good reasons, a ‘cancellation of errors’ due to discretization and due to inexact integration can occur.



9.11.1 Minimum order of integration for convergence In problems where the energy functional (or equivalent Galerkin integral statements) defines the approximation we have already stated that convergence can occur providing any arbitrary constant value of the mth derivatives can be reproduced.
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In the present case m = 1 and we thus require that in integrals of the form (9.5) a constant value of G be correctly integrated. Thus the volume of the element Jv dV needs to be evaluated correctly for convergence to occur. In curvilinear coordinates we can thus argue that Jv det (JI d< dv d< has to be evaluated e ~ a c t l y . ~ ’ ~



9.11.2 Order of integration for no loss of convergence In a general problem we have already found that the finite element approximate evaluation of energy (and indeed all the other integrals in a Galerkin-type approximation, see Chapter 3) was exact to the order 2 ( p - m ) , where p was the degree of the complete polynomial present and m the order of differentials occurring in the appropriate expressions. Providing the integration is exact to order 2 ( p - m ) , or shows an error of O ( h 2 ( p - m ) + or 1 ) ,less, then no loss of convergence order will 0ccur.t If in curvilinear coordinates we take a curvilinear dimension h of an element, the same rule applies. For Co problems (i.e., m = 1) the integration formulae should be as follows: p = 1,



linear elements



p = 2,



quadratic elements O(h3)



p = 3,



cubic elements



O(h)



O(h5)



We shall make use of these results in practice, as will be seen later, but it should be noted that for a linear quadrilateral or triangle a single-point integration is adequate. For parabolic quadrilaterals (or bricks) 2 x 2 (or 2 x 2 x 2), Gauss point integration is adequate and for parabolic triangles (or tetrahedra) three-point (and four-point) formulae of Tables 9.2 and 9.3 are needed. The basic theorems of this section have been introduced and proved numerically in published work.



9.1 1.3 Matrix singularity due to numerical integration The final outcome of a finite element approximation in linear problems is an equation system Ka+f=O



(9.44)



in which the boundary conditions have been inserted and which should, on solution for the parameter a, give an approximate solution for the physical situation. If a solution is unique, as is the case with well-posed physical problems, the equation matrix K should be non-singular. We have a priori assumed that this was the case with exact integration and in general have not been disappointed. With numerical integration singularities may arise for low integration orders, and this may make such orders impractical. It is easy to show how, in some circumstances, a singularity of K must



t For an energy principle use of quadrature may result in loss of a bound for II(a).
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arise, but it is more difficult to prove that it will not. We shall, therefore, concentrate on the former case. With numerical integration we replace the integrals by a weighted sum of independent linear relations between the nodal parameters a. These linear relations supply the only information from which the matrix K is constructed. u t h e number ofunknowns a exceeds the number of independent relations supplied at all the integrating points, then the matrix K must be singular. x Integrating point (3 independent relations) 0 Nodal point with 2 degrees of freedom



Fig. 9.14 Check on matrix singularity in two-dimensional elasticity problems (a), (b), and (c).
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To illustrate this point we shall consider two-dimensional elasticity problems using linear and parabolic serendipity quadrilateral elements with one- and four-point quadratures respectively. Here at each integrating point three independent ‘strain relations’ are used and the total number of independent relations equals 3 x (number of integration points). The number of unknowns a is simply 2 x (number of nodes) less restrained degrees of freedom. In Fig. 9.14(a) and (b) we show a single element and an assembly of two elements supported by a minimum number of specified displacements eliminating rigid body motion. The simple calculation shows that only in the assembly of the quadratic elements is elimination of singularities possible, all the other cases remaining strictly singular. In Fig. 9.14(c) a well-supported block of both kinds of elements is considered and here for both element types non-singular matrices may arise although local, near singularity may still lead to unsatisfactory results (see Chapter 10). The reader may well consider the same assembly but supported again by the minimum restraint of three degrees of freedom. The assembly of linear elements with a single integrating point will be singular while the quadratic ones will, in fact, usually be well behaved. For the reason just indicated, linear single-point integrated elements are used infrequently in static solutions, though they do find wide use in ‘explicit’ dynamics codes - but needing certain remedial additions (e.g., hourglass contro121,22)- while four-point quadrature is often used for quadratic serendipity elements.1 In Chapter 10 we shall return to the problem of convergence and will indicate dangers arising from local element singularities. However, it is of interest to mention that in Chapter 12 we shall in fact seek matrix singularities for special purposes (e.g., incompressibility) using similar arguments.



9.12 Generation of finite element meshes by mapping. Blending functions It would have been observed that it is an easy matter to obtain a coarse subdivision of the analysis domain with a small number of isoparametric elements. If second- or third-degree elements are used, the fit of these to quite complex boundaries is reasonable, as shown in Fig. 9.15(a) where four parabolic elements specify a sectorial region. This number of elements would be too small for analysis purposes but a simple subdivision intojiner elements can be done automatically by, say, assigning new positions of nodes of the central points of the curvilinear coordinates and thus deriving a larger number of similar elements, as shown in Fig. 9.15(b). Indeed, automatic subdivision could be carried out further to generate a field of triangular elements. The process thus allows us, with a small amount of original input data, to derive a finite element mesh of any refinement desirable. In reference 23 this type of mesh generation is developed for two- and three-dimensional solids and surfaces and is reasonably t Repeating the test for quadratic lagrangian elements indicates a singularity for 2 x 2 quadrature (see Chapter 10 for dangers).
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Fig. 9.15 Automatic mesh generation by parabolic isoparametric elements. (a) Specified mesh points. (b) Automatic subdivision into a small number of isoparametric elements. (c) Automatic subdivision into linear triangles.



efficient. However, elements of predetermined size and/or gradation cannot be easily generated. The main drawback of the mapping and generation suggested is the fact that the originally circular boundaries in Fig. 9.15(a) are approximated by simple parabolae and a geometric error can be developed there. To overcome this difficulty another form of mapping, originally developed for the representation of complex motor-car body shapes, can be adopted for this purpose.24 In this mapping blending functions interpolate the unknown u in such a way as to satisfy exactly its variations along the edges of a square 
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