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3 FINITE DIFFERENCE AND FINITE VOLUME DISCRETIZATION 3.1. Introduction In this chapter some essentials of finite difference and finite volume discretization of partial differential equations are summarised. For a more complete elementary introduction, see for example Forsythe and Wason (1960) or Mitchell and Griffiths (1980). We will pay special attention to the handling of discontinuous coefficients, because there seem to be no texts giving a comprehensive account of discretization methods for this situation. Discontinuous coefficients arise in important application areas, and require special treatment in the multigrid context. As mentioned in Chapter 1, finite element methods are not discussed in this book.



3.2. An elliptic equation Cartesian tensor notation is used with conventional summation over repeated Greek subscripts (not over Latin subscripts). Greek subscripts stand for dimension indices and have range 1,2, ..., d with d the number of space dimensions. The subscript ,a denotes the partial derivative with respect to xa. The general single second-order elliptic equation can be written as LU



= - (aa,w,a),B+ (bau),a + cu = s in o c I R ~



(3.2.1)



The diffusion tensor aaB is assumed to be symmetric: aa,q = asa. The boundary conditions will be discussed later. Uniform ellipticity is assumed: there exists a constant C > 0 such that



For d = 2 this is equivalent to Equation (3.2.9).
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An elliptic equation



The domain Q The domain Q is taken to be the &dimensional unit cube. This greatly simplifies the construction of the various grids and the transfer operators between them, used in multigrid. In practice, multigrid for finite difference and finite volume discretization can in principle be applied to more general domains, but the description of the method becomes complicated, and general domains will not be discussed here. This is not a serious limitation, because the current main trend in grid generation consists of decomposition of the physical domain in subdomains, each of which is mapped onto a cubic computational domain. In general, such mappings change the coefficients in (3.2.1). As a result, special properties, such as separability or the coefficients being constant, may be lost, but this does not seriously hamper the application of multigrid, because this approach is applicable to (3.2.1) in its general form. This is one of the strengths of multigrid as compared with older methods.



The weak formulation Assume that a is discontinuous along some manifold r C Q,which we will call an interface; then Equation (3.2.1) is called an interface problem. Equation (3.2.1) now has to be interpreted in the weak sense, as follows. From (3.2.1) it follows that



(Lu,U) = (s, u),



V U EH ,



(u, u ) =



1



n



uu dQ



(3.2.3)



where H is a suitable Sobolev space. Define



with np the x~ component of the outward unit normal on the boundary Q . Application of the Gauss divergence theorem gives



(Lu,U ) = U ( U , U ) + b(u, U) + ( C U , U )



aQof



(3.2.5)



The weak formulation of (3.2.1) is Find u E H such that a(u, u ) + b(u, u ) + (cu, u ) = (s, u ) , V u 6



(3.2.6)



For suitable choices of H, H and boundary conditions, existence and uniqueness of the solution of (3.2.6) has been established. For more details on the
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Finite diference and finite volume discretization



weak formulation (not needed here), see for example Ciarlet (1978) and Hackbusch (1986). The jump condition



Consider the case with one interface r, which divides Q in two parts Q1 and 0 2 , in each of which u a is ~ continuous. At r, uag(x) is discontinuous. Let indices 1 and 2 denote quantities on I' at the side of 0' and 0', respectively. Application of the Gauss divergence theorem to (3.2.5) gives, if u is smooth enough in 0' and a',



Hence, the solution of (3.2.6), if it is smooth enough in Q' and Q 2 , satisfies (3.2.1) in Q'W, together with the following j u m p condition on the interface r



(3.2.8) This means that where u,s is discontinuous, so is u , ~This . has to be taken into account in constructing discrete approximations. Exercise 3.2.1. Show that in two dimensions Equation (3.2.2) is equivalent to UllU22



- u:2 > 0



(3.2.9)



3.3. A one-dimensional example The basic ideas of finite difference and finite volume discretization taking discontinuities in ups into account will be explained for the following example -(au,1),1= s, X E n = ( 0 , l )



(3.3.1)



Boundary conditions will be given later. Finite difference discretization



A computational grid G c fi is defined by



G = ( ~ € i R : ~ = x j = jj =h0, , 1 , 2 ,...,n, h = l / n )



(3.3.2)



Forward and backward difference operators are defined by



Auj



( ~ / + l - u j ) / h ,V ~ j = ( ~ j - ~ j - l ) / h



(3.3.3)
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A one-dimensional example



A finite difference approximation of (3.3.1) is obtained by replacing d/dx by A or V. A nice symmetric formula is



-;{ v ( ~ A )a(av))uj= + s~, j =



1,2, ..., n - 1



(3.3-4)



where sj = s ( x j ) and uj is the numerical approximation of u ( x j ) . Written out in full, Equation (3.3.4) gives ( -(aj-



1



+ aj)uj- 1 + (Oj- + 20j + aj+ 1)uj - (aj + aj+I)uj+l)/2h2 = sj, j = 1,2, ...,n - 1 1



(3.3.5)



If the boundary condition at x = 0 is u(0) = f (Dirichlet), we eliminate uo from (3.3.5) with uo= f. If the boundary condition is a(O)u,l(O)=f (Neumann), and replace the quantity we write down (3.3.5) for j = O - ( a - ~+ U O ) U - I + (a-I UO)UO by 2f. If the boundary condition is clu,l(O)+ czu(0) = f (Robbins), we again write down (3.3.5) for j = 0, and replace the quantity just mentioned by 2(f- czuo)a(O)/cl. The boundary condition at x = 1 is handled in a similar way.



+



An interface problem In order to show that (3.3.4) can be inaccurate for interface problems, we consider the following example a(x)=E,O 























des documents recommandant







[image: alt]





Chapter 3: Higher-order finite element discretization 

a nontrivial mathematical question that also will be addressed. Ñ—Ñ”Ð…Ñ”Ð… HiÂ¹ Ð£Ð¢ Ð£Ð¦Ð¡ Ð¢ Ð  Ð¡ .... information shared by the corresponding pair of neighboring elements. The ...... at least the notion of projectors, which give a general framewo










 


[image: alt]





Hybrid Finite Volume Discretization of Linear Elasticity Models on 

rem states that the LBB condition holds on the discrete spaces WD Ã—M0, where M0 is the space of cellwise constant functions on the mesh K with vanishing ...










 


[image: alt]





Finite-Difference Modeling of Acoustic and Gravity ... - Springer Link 

Dec 12, 2016 - Such theoretical. B R.F. Garcia ... propagation in an attenuating atmosphere subject to bulk, shear and vibrational relaxation. .... laxation strengths, the remaining task in order to model the attenuation process consists in.










 


[image: alt]





Finite and Non-finite Relative Clauses in Turkmen language. This 

This paper is an attempt to study the internal structure of relative clauses (RCs) in ... with ''Ki'' (along with â€“i: attached to the head noun) as a borrowed finite ...










 


[image: alt]





Finite topologies and T-partitions 

Combinatorial results. Hopf algebraic results. Finite topologies. Stanley's P-partitions. Linear extension. Number of special posets of degree n: n 1 2 3. 4. 5. 6. 7.










 


[image: alt]





Stochastic finite elements and reliability 

Accounting for randomness and spatial variability of the mechanical ... By means of sensitivity analysis, it is always possible to compute the PDF of a ...... Zhang and Der Kiureghian (1995, 1997) proposed an improved version of HLRF ...... Materials










 


[image: alt]





A Symmetric and Coercive Finite Volume Scheme for Multiphase 

(i) the mass balance of each component in which Darcy's law describes the trans- ..... usual sense; (ii) which provides a cell centered symmetric, coercive and ...










 


[image: alt]





Stochastic finite elements and reliability 

4 Finite element reliability analysis. 45. 1 ... Direct differentiation method in the elastic case . ..... the PDF of a given response quantity for a specific example.










 


[image: alt]





Finite Antenna Arrays and FSS 

become so enchanted with high-powered computers that they simply feed the machine some wonderful ...... fly in a 1-kW transmitter and meticulously measure the temperature rise at seven agreed-upon ...... Copper test kite - 18 inch width. Fig.










 


[image: alt]





A symmetric and coercive finite volume scheme for multiphase 

MathÑ‰matiques de l'AcadÑ‰mie des Sciences, 344,6, 2007, p. 403-406. [Gun 98] GUNASEKERA D. , CHILDS P. , HERRING J. , COX J., â€œA multi-point flux dis-.










 


[image: alt]





High-order finite volume method for curved boundaries and non 

2 Problem Formulation. 3 Polynomial Reconstruction Machinery. 4 ARCH Method. 5 Finite Volume Scheme. 6 Numerical Benchmark. 7 Conclusions and Final ...










 


[image: alt]





A Symmetric and Coercive Finite Volume Scheme for Multiphase 

Many applications in the oil industry require the efficient simulation of composi- ... tional multiphase Darcy flow models are used to simulate the migration of oil and gas .... phase pressures related to the reference pressure by the capillarity law










 


[image: alt]





Dispersion properties of non-radiating configurations: Finite-Difference 

Oct 17, 2005 - remarkable non-radiating configuration. The property not to radiate electromagnetic energy is based on the destructive interference between ...










 


[image: alt]





A systematic method to obtain 3D finite-difference formulations for 

not very explicit in the literature [5]. ... elements of the transpose matrix are equal to the complex conjugates of the elements of the .... Placing the fifth microphone at the centre of the 4-microphone probe yields a 5-microphone ..... The kinetic










 


[image: alt]





Stability of finite difference schemes for capillary thin films 

Stability of difference schemes: von Neumann stability. Remark: due to the presence of the third order derivative, the energy equation is hardly satisfied in the ...










 


[image: alt]





A systematic method to obtain 3D finite-difference formulations for 

It uses up to the first-order terms of the Taylor series expansion of the sound ... The complex acoustic intensity Π and the total acoustic energy density E in a ...










 


[image: alt]





FINITE ELEMENT METHODS - kchalot.com 

78 quai Dassault. 92214 Saint Cloud, France ... Finally, general trends for future developments will be identified. Key words: Navier .... I ntensive parallel computing was used during the design process of aG! rew R es- cue / ! rew Transfer ...










 


[image: alt]





Finite Element Analysis - Ramakrishnainya 

generalisation and effective utilisation of the computer for repetitive jobs. Strength of ..... Practical application of this method is explained here through three ...... u = NI UI + N2 U2 + N3 U3 + N4 U4 + Ns Us + N6 ll6 + N7 U7 + Ns Us v = NI VI +










 


[image: alt]





finite element analysis - dokupdf 

ITEMS 1 - 6 - l~rher make no warranty of dny klnd expressed or mpl~ed, wlth regard to .... trusses offer economical solutions to many engineering structural problems. .... Some of the exercises provided in this text require manual calculations The pu










 


[image: alt]





Finite Element Analysis - Ramakrishnainya 

Sound knowledge of strength of materials, theory of elasticity and matrix algebra are ...... However, there exists a plane along which shear stress is zero and the.










 


[image: alt]





Fast Finite Shearlet Transform 

Feb 8, 2012 - http://www.mathematik.uni-kl.de/~haeuser/FFST/. In analogy with other ... The package provides a fast implementation of the finite (discrete) shearlet transform. (a) Forms with ...... Figure 10: Result of script simple_example.










 


[image: alt]





FULLY ADAPTIVE MULTIRESOLUTION FINITE 

Dec 5, 2001 - as the characterization of local HÃ¶lder smoothness from the decay properties of wavelet coefficients. The resulting refinement strategy is slightly ...










 


[image: alt]





The Finite Element Method 

O.C. Zienkiewicz, CBE, FRS, FREng. UNESCO Professor of Numerical Methods in Engineering. International Centre for Numerical Methods in Engineering, ...










 


[image: alt]





The Finite Element Method 

Volume 2: Solid Mechanics ... University of California at Berkeley ... -@4 member of the Reed Elsevier plc group. First published in 1967 by .... and physics. ... Plates and shells (Chapters 4-9) This section is of course of most interest to those.










 














×
Report 3 finite difference and finite volume discretization





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Signe






Email




Mot de passe







 Se souvenir de moi

Vous avez oublié votre mot de passe?




Signe




 Connexion avec Facebook












 

Information

	A propos de nous
	Règles de confidentialité
	TERMES ET CONDITIONS
	AIDE
	DROIT D'AUTEUR
	CONTACT
	Cookie Policy





Droit d'auteur © 2024 P.PDFHALL.COM. Tous droits réservés.








MON COMPTE



	
Ajouter le document

	
de gestion des documents

	
Ajouter le document

	
Signe









BULLETIN



















Follow us

	

Facebook


	

Twitter



















Our partners will collect data and use cookies for ad personalization and measurement. Learn how we and our ad partner Google, collect and use data. Agree & Close



